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Abstract-The solution of the torsion problem of uniform bars with polygon cross-section by 
means of the TreRts integral for the complex torsion function is presented. The governing equations 
consist of the first-order integral of the Schwars-Christoffel mapping, and another third-order inte- 
gral, known as the TrefIta integral. The known series solution of the Schwarz-Christoffel integral 
is used. The solution of Trefftz’s integral is carried out in series form according to the method of 
vonKoppenfels and Stallmann, by the separation into regular and singular corner functions. The 
result is in the form of explicit corner functions, Robenius and Taylor series. 
The series solutions are computed with convolution number algebra. 
An additional Fourier analysis allows one to compute the shear in a polygon cross-section with a 
round hole. 
Torsion stiifneas is computed by integrals along the boundary. 
An estimate of the effect of rounding of corners is given. @ 2003 Elsevier Science Ltd. All rights 
reserved. 
Keywords-Torsion, Polygon cross-section, Trefftz’s integral, Convolution algebra, Frobenius 
series solution. 
1. INTRODUCTION 
Torsion of uniform bars. occupies a special niche in continuum elastostatic problems because of 
the simplicity of the stress distribution over the cross-section, reducing it to a simplified two- 
dimensional problem. Originated by Saint-Venant, the equations of the torsion problem were 
derived in detail with analytical solutions, among others, in texts.by Prank and vonMises [l], 
Trefftz [2], Love [3], Muskhelishvili [4], Sneddon and Berry [5], Weber and Gunther [6], Bekker [7] 
(hydrodynamics), and Timoshenko and Goodier [8], all before the advent of computers. The 
problem can be formulated as a boundary value problem of the .Laplace equation. This can be 
either a Neumann boundary value problem for the warping function, or a Dirichlet boundary 
value problem. for Prandtl’s stress function. 
Although it occurs rarely in applications that a bar is used to transmit torsion only, this may 
be an independent component of a rod or beam under various loading and deformation cases, 
0398-1221/03/g - see front matter @ 2003 Elsevier Science Ltd. All rights reserved. ‘M-et by AM-W 
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according to linear elastic and infinitesimal deformation theory. The torsion solutions are equally 
applicable to the analog cases in hydrodynamics (see [3,7]) and cases in heat conduction (see [9]). 
Referring from now on only to the polygon cross-section, analytical exact solutions have been 
found only for some special shapes, in the form of infinite seriesor explicitly in the form of elliptic 
functions. A simple closed form solution exists only for the equilateral triangle. Series solutions 
may be in the physical plane, the best known of which is the solution for a rectangle in terms of 
Fourier-exponential series. An overview of analytical solutions and their history up to 1942 was 
given by Higgins [ 10). 
The series solution for the rectangle was solved for the laminar flow,analogy by Stokes in 1843 
(see [3]). Although the series is only an approximation on the boundary, the shear stress is 
approximated very well. 
In 1900, Filon [ll] applied the same series solution method to orthogonal.curved boundaries 
of conical sections. But his additional result of importance is the useful result that, similar to 
the potential boundary value problem, the maximum shear stress occurs on the boundary of any 
cross-section shape; see also [3]. The latter result was also derived by Polya in 1930 [12] (see 
also [8]). 
The first solution for a polygon consisting of two rectangular strips of equal width was given 
by Kotter in 1908 [13], using infinite series, but he solved only an approximated problem. 
An explicit analytical formulation for the special class of polygon cross-section was derived 
by Trefftz in 1921 [14]. His method is based on the Schwarz-Christoffel transformation of the 
polygon boundary as well as of a second auxiliary function, which is also a SchwarzChristoffel 
integral. This integral must be integrated another two times in the variable of the physical plane, 
which is the cause of the difficulty for the general polygon. This integral is called Trefftz’s integral 
by Higgins [lo]. The example given in [14] was a four-cornered L-shaped polygon consisting of 
two half infinite strips. The solution consisted of series and numerically integrated constants. 
Hereafter, the process towards solutions for other more general polygons proceeded slowly. 
In 1924, Kolossoff [15] manipulated the series solution of the square to obtain exact series 
solution for the isosceles rectangular triangle. 
A series solution in the physical plane was used by Dassen in 1928 [16], who proposed the 
mapping of the polygon on a rectangle, applied the series on each side, and made the series well 
convergent by removing the singularities at the corners. He then applied it to the same polygon 
as TreEtz [14], apart from additional considerations of inner rounded boundaries. 
Solutions of sections that can be constructed by joining a sequence of rectangular shapes in an 
approximate fashion have been solved by Schmieden in 1930 [17], using Trefiz’s solution. 
In 1929, Muskhelishvili [18] originated a method that can, be applied if the conformal mapping 
of the cross-section shape from a unit circle is known, resulting in a Taylor series for the complex 
stress function in the variable of the circle plane. This is equivalent to a Fourier series on the 
circumference of the circle. This method suffers from very poor convergence at the boundary if 
corners are present, because singularities of the torsion function are introduced by the singularities 
of the mapping at the corners. Applied to any but the simplest polygon, convergence is so poor 
that no useful numerical results can be obtained within seven digit numbers. 
In the overview by Higgins [lo], it is assumed that the method by Morris [19] holds the best 
promise. However, neither he nor Morris [19] seems to have realized that her method is the 
Fourier method of Muskhelishvili [18], where the circle is transformed to a strip. She also finds 
the method of Trefftz “rather involved”. But the failure of her attempts is clear from the remark, 
“in spite of an element of disappointment with the results obtained”. 
An analytic solution for a regular polygon with n sides was developed by Seth in 1934 [20]. 
After the mapping problem was solved, the solution was given as Taylor series on the circle. 
Although Seth [20] argues that the Taylor series converges on the circle, the convergence of 
his series is not tested, and probably also so bad that it cannot be realized numerically to any 
satisfactory degree of accuracy. He does not give any numerical results. 
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In another paper, Seth [21] applied TreEtz’s integral to derive the solution of half-infinite T 
and L-sections in terms of elliptic functions in the physical plane. 
In a further paper, Seth [22] solved the problem for three special triangles. He solved Trefftz’s 
integral in terms of elliptic functions, and then integrated them in terms of Fourier-exponential 
series in the physical plane. The approximation of the shear stress can be expected to be as good 
as for the rectangle. The solution for one triangle was too complicated to complete. He remarks: 
“It appears to be impracticable to carry the solution further.” 
A closed form integral formula was given by Sokolnikoff in 1931 [23], but the problem of how to 
express the result in terms of analytical functions was not solved. He remarks: “A brief.perusal 
of the integrals . . is sufficient to make one abandon the hope of evaluating them’ in closed 
form.” He then solves the case of a T-section with elaborate combination of analytic functions 
and series. Sokolnikoff [23] criticizes Trefftz’s method because it is apparently dependent on some 
graphical scheme, but this was a misinterpretation of simply a computing method of the time. 
The example of Sokolnikoff [23] is so complicated that Seth [21] remarks: “Sokolnikoff himself 
might have advantageously employed Trefftz’s method and saved himself quite a lot of labour 
and trouble.” 
In 1931, Ishibashi [24] solved the torsion problem for the rectangular isosceles triangle in terms 
of the Fourier-exponential series for the square. He gave numerical and graphical results of the 
stress on the sides. 
In 1932, Kondo [25] solved the torsion problem of shapes with right angles by joining a sequence 
of rectangles, using the Fourier-exponential series solution of the rectangle. Many graphical and 
numerical results of L-shapes were given. 
In 1933, Kondo [26] also extended the method used by Ishibsshi [24] to rectangular triangles 
of other integral ratios of the sides. From these he also constructed isosceles triangles. Some 
graphical and numerical results were given. 
In 1933, Tsumura [27] solved Trefftz’s integral for the regular polygon with n sides explicitly in 
terms of I-functions, and gave numerical results of the maximum stress for polygons from n = 3 
to 100. 
More recently, in 1996 Wang [28] joined straight and curved strips into an angle bar, using a 
Fourier-exponential approximation for each strip. 
No exact solution of Trefftz’s integral for any complete irregular polygon of four or more sides, 
or polygon with right angles of six or more sides, could be found in the literature. 
After the introduction of the computer, finite-difference and finite-element methods could be 
used to solve all cylindrical torsion problems, including the polygon, with sufficient practical 
accuracy. Interest in analytical solutions has therefore dwindled, but also partly due to the 
realization that general shapes could probably not be expressed by combinations of classical 
functions, as complicated as the combinations may be. 
While many numerical integration solutions of the SCT for the general polygon exist, see [29], 
to our knowledge no subsequent numerical solution of Trefftz’s integral for the torsion problem 
for the general polygon exists. 
A detailed derivation of Trefftz’s integral was given in 1959 by vonKoppenfels and Stall- 
mann [30], similar to the exposition in [l], written by Trelftz. Von Koppenfels and Stallmann [30] 
then proposed a general manner of solution of Trefftz’s integral. First, they described the sin- 
gularities .of the stress function at the corners by special corner functions. By separating the 
corner functions, regular analytical functions remain. They then proposed expansion of the reg- 
ular functions in Taylor series, centered on the boundary. Thus, the boundary goes through 
the Taylor convergence disk, and therefore, the convergence problem is solved, and complicated 
special classical functions are all avoided. 
In this treatise, the computer solution of the series expansions suggested by von Koppenfels and 
Stallmann [30] is presented, using convolution number algebra [31]. The initial conformal mapping 
by the Schwarz-Christoffel transformation, using the unit disk in the s-plane as reference, is 
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used [32]. A few steps in the original method of von Koppenfels and Stallmann were altered to suit 
the programming method, particularly the form of the solution of the SCT.by Hassenpflug [32]. 
Only finite dlosed.polygons are considered in this treatise; torsion solutions of cross-sections 
with infinite boundaries obviously have no physical reality, although their hydrodynamic and 
heat conduction ‘analogies do. In torsion, they serve only to approximate the solution in a finite 
vicinity. 
2. SUMMARY OF TORSION EQUATIONS 
The well-known torsion equations are repeated here, mainly for the purpose of defining our 
notation. 
The geometric description of the polygon consists of the coordinates of the corner points z,, 
v= l,..., n. The internal angles are oc, = na,, as shown in Figure la. The coordinate axes in 
the cross-section of the bar are x, y, with origin at one arbitrary reference point. The polygon 
is mapped by the Schwarz-Christoffel transformation, on the unit circle in the s-plane shown in 
Figure lb. 
(a) Geometry and stress components. (b) Mapping circle. 
Figure 1. Polygon cross-section surface. 
The shear stresses on one infinitesimal surface element of the cross-section are rzy and rzz; see 
Figure 1. There is no normal stress component on this surface. Alternatively, if there were, the 
torsion stress is considered an independent linear contribution to the total stress of a bar, since 
all equations used here are valid only for infinitesimal stress and strain. The two shear stress 
components can be taken together in one two-dimensional shear traction vector 
The outside surface of the bar is free of any surface traction; therefore, from elementary analysis 
of the stress tensor, the shear traction vector on the boundary I of the cross-section is tangential 
to the boundary. Prandtl’s shear stress function !I?, of dimension L2, is defined by the stream-like 
relation to the shear traction vector 
~22 m 
GB’=dyy 
(2.1) 
3- a* --- 
GO’ dx ’ 
where G is the shear modulus of the material, 13’ is the twist e/l, and 0 is the total rotation of 
surfaces relative to each other of the bar of length 1. The stream-like lines of constant \k, to which 
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the shear stress vector is tangent, form the graphical display of shear stress distribution. Prom 
the membrane analogy, they are contour lines of constant height of the membrane bubble. In the 
hydrodynamic analogy of laminar viscous flow, they are lines of constant axial velocity. In the 
heat conduction analogy, they are isothermals. 
Prom static elastic equilibrium follows Poisson’s equation 
aQ a2* - = -2. 
dz2 + dy2 
The boundary value of Q must be constant to satisfy the boundary condition of I-,,, 
arbitrary and conveniently chosen 
*r = 0. 
If the particular solution of equation (2.2) is chosen as 
qT = -; (x2 + y2) , 
then the total stress function consists of the parts 
9 = -f (x2 + y2) + l/b,, 
where the homogeneous solution is satisfied by a function 1c, 
a2$ a%#b o 
G+dy2=’ 
with boundary conditions 
d-Jr = f (x; + Y?) . 
= 
(2.2) 
0, and is 
(2.3) 
(24 
(2.5) 
(2.6) 
(2.7) 
The function Q’p of equation (2.4) has the physical meaning of generating the stress contribution 
part ?.. due to a rotation of the rigid flat cross-section, which generally causes a displacement 
on the boundary not tangential to the boundary. The other part F” causes the warping of the 
cross-section, and can be generated as the gradient of the potential-like warping function 4, which 
is the conjugate harmonic function to $. Other forms of the particular solution can be used, such 
as -x2 or -y2, which may have physical meaning in certain geometries of the hydrodynamic 
aIb3lOgy. 
The components of the stress vector 
are then alternatively expressed by one of the two functions as 
(2.8) 
The complex function I$ + Z^$J is called the complex torsion function; see [8]. The parts C#J and $ 
are the warping function and shear function, respectively. The complex analysis is based on the 
real shear function I,LJ with boundary values of equation (2.7); therefore, it is more convenient for 
us to use a complex function in the conjugate form 
w = $ - id, (2.9) 
which we will call the complex shear function. 
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In the method of conformal mapping, the upper half of the t-plane is mapped on the polygon 
cross-section in the z-plane, z = x + z^y, by the Schwarz-Christoffel mapping formula. Then the 
streamfunction $J is determined in the t-plane, and the solution is given in complex parametric 
form 
z = z(t), w = w(t). (2.10) 
Alternatively, the unit circle of the s-plane is mapped on the cross-section in the z-plane, and 
the solution is given in complex parametric form 
z = z(s), w = w(s). (2.11) 
The complex shear function w(s) is singular at the mapped points of the corners in the s-plane, 
although it may be regular in the z-plane. 
2.1. Torsion Stiffness 
The torque per unit angular twisting deflection is the torsional stiffness, in this case also referred 
to unit length of the rod. Consider the surface element of the cross-section dS, at a position given 
by a vector r’= zx+j’y from the chosen origin of axes. With the shear stress from equation (2.1), 
the torque on the cross-section is 
T 
JEW= /x?dS= 
J IJ 
Wa, - YT~) dx dy 
=- dx dy. 
(2.12) 
Equation (2.12) is given in [4], and developed further by substituting equation (2.8), in our 
notation, 
J= JJ (x2 + y”) dx dy - JJ( z?z+y%! dy dxdy > (2.13) 
E Jp+ J,. 
Here Jp is the ordinary surface polar moment of inertia, corresponding to the flat surface 
rotation shear, while J, is the defect due to the warping. Considering the Cauchy Riemann 
relations 
w 84 w 84 -= --3 -=-> dx dy dy dx 
which we have preserved in this order by our definition in equation (2.9), Muskhelishvili [4] derives 
further, applying Green’s formula, along the scalar length I of the boundary, 
(2.14) 
2.2. Hydrodynamic Flow 
The torsional stiffness can also be written in terms of the volume of the bubble, in terms of 
the soap film analogy, see [8], 
J=2 XQdS. J (2.15) 
This is twice the volume flow in the analogy of laminar viscous flow through a duct; see [33]. 
Therefore, torsion stii’hress results are directly applicable to the hydrodynamic case. 
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3. SUMMARY OF EQUATIONS FOR THE POLYGON 
The equations of the torsion problem for the polygon cross-section with n corners by the 
method of TrefItz’s integral are presented here. To be applied, the solution of the mapping of 
the unit circle on the polygon by the Schwarz-Christoffel transformation (SCT) formula 
must be found first. We write the known solution here symbolically as a function 
2 = sqs,; s), (3.2) 
meaning that z is explicitly available for any s on the disk. The points s, are the premapping 
points on the unit circle which are found by iteration to map on the required points zV, and a, 
are the included angles of the polygon corners measured in multiples of z. cs is a complex scaling 
factor. 
The method to derive the equations for the complex torsion function employs the discovery by 
Tre&z [14] that the second derivative 
dzw 
JgT=w (3.3) 
maps the polygon of the z-plane on another polygon in the w-plane. Each side of the z-polygon 
with an orientation angle /3” is mapped on a side of the w-polygon with orientation angle -2/3,, 
which results in a polygon on several sheets of the Kiemann plane. The corners of the w-polygon 
may lie at infinity. The Schwarz-Christoffel formula for the mapping of the circle in the s-plane 
on the w-plane becomes 
g = cfJs - Si) x fJ(s - s,)-2a? 
i=l u=l 
(3.4) 
The points si are the additional premapping points which map on finite or infinite winding points 
in the w-plane. The total sum of turning angles of a polygon, measured in multiples of R, must 
be 2; therefore, the sum of all exponents in equation (3.4) must be -2, from which it follows that 
the number of factors k in equation (3.4) is 
k = 2n - 6. (3.5) 
This relation was first given by Trefftz [14], and is also derived in the same manner by von Koppen- 
fels and Stallmann [30]. However, their proof is quite different; it is a constructive proof by 
counting the number of unknown constants. In the computational method of this treatise this 
would be quite difficult to do. 
Instead of using the points s;, the first product term is expressed as polynomial 
CfJ(s - Si) = Pk(S) = &jSj, 
i=l j=o 
(3.6) 
where the 0 - k = 2n - 6 complex coefficients cj have to be determined. The mapping formula 
of equation (3.4) then becomes 
g = Pk(S) x fi(s - s,)-2a, 
!/=I 
(3.7) 
In the original work by TrefItz (141 and the later exposition by von Koppenfels and Stallmann [30], 
the upper half of the t-plane is used as premapping plane, and we have merely transformed the 
320 W. C. HASSENPFLUG 
equation to the s-plane with the boundary on the unit circle, which was also used by many authors 
in the references. This transforms the real coefficients ak in the original work, representing k + 1 
unknowns, to complex coefficients, representing 2(k + 1) u&no&s, but that causes no problem 
in our solution method. 
The w-polygon has the additional property that it circumscribes a unit circle, see [14,30], 
9 (pP” w) = 1, (3.8) 
where pV is the orientation angle of the corresponding side of the polygon. Thii condition was 
used by vonKoppenfels and Stallmann [30] to determine some integration constants, but in our 
method the w-polygon is not used. Some w-polygons for the triangle are shown by Seth [22], and 
for regular n-sided polygons by Tsumura [27] with a diagrammatic representation of the turning 
points at infinity. None of these examples, however, include the extra winding points. 
The function w is given by von Koppenfels and Stallmann [30] as double integral 
w= IJ w dz dz, 
but this form is unsuitable because in equation (3.7) we have w as a function of s, not z. But 
given by von Koppenfels and Stallmann [30] is the transformation of equation (3.3) to 
(3.9) 
which we will use in reverse as a differential equation to solve w(s) after w(s) is solved from the 
integral of equation (3.7). 
The SCT in equation (3.1) is independent of the torsion problem and must be solved first. The 
statement of the torsion problem for the polygon cross-section is then reduced to the differential 
equation of equations (3.7) and (3.9). A solution process using series expansions is indicated by 
von Koppenfels and Stallmann [30]. 
Following closely the notation of vonKoppenfels and Stallmann [30], the function w is split 
into w. and w+ (W, Wc, and W’ in their notation) for each corner 
w=w.+w+. (3.10) 
We distinguish the following parts by special subscript symbols: 
w. = corner function, a function constructed to satisfy the 
boundary conditions at a corner, 
w+ = null function, an additional complex function with zero 
real part boundary value, 
w = w. + w+ = the total and final complex shear function. 
(3.11) 
The functions w.(z) at a general corner are contained in some of the classic analytic solutions, 
and specifically pointed out by Seth [22]. They are not unique, but defined as follows. 
The corner functions w. at each comer satisfy the boundary conditions for $ along the two 
adjacent sides exactly. 
The important derivation in [30] for our purpose is the proof that w+ at the corners is an 
analytic function within the region in the premapping plane, for which we use the unit disk of 
the s-plane. This means that w+ can be expanded in a Taylor series. This property will surface 
again as a result of our explicit solution method by Frobenius series. 
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From equations (3.3) and (3.10), it follows then that the function w is also split into two parts, 
(3.12) 
(3.13) 
But equation (3.7) cannot be split like that and is valid only for the total function w. Furthermore, 
unlike,w+, the function w+(s) has singularities on the boundary. 
Similarly, we denote the intermediate variable, following a similar notation by Trefftz [2,14], 
dw 
P= x =p.+p+, 
dw. 
P*=z’ 
dw+ p+=x. 
(3.14) 
(3.15) 
(3.16) 
For analytical purposes we will distinguish the different behaviour of the right-angle corner 
and other corner by calling them singular and rewlar corner, respectively. 
The functions for the different kinds of corners are, as function of the local variable 
~=z-zzy, 
with constants yi in the following formulas given in the Appendix. 
REGULAR CORNER. 
w* = 70 + TIC + $2c2, 
P* = =vl + ?2zc, 
W. = 92. 
RIGHT ANGLE CORNER. 
w* = 70 + ‘UlZ + ;j2c2 + %C2 log<, 
P. =~1+~z6+=u3(2clog6+c), 
Wb =$++slogC. 
(3.17) 
(3.18) 
(3.19) 
NEAR-RIGHT ANGLE CORNER. 
w. = 70 + 715 + 32<2 + ?d2Lc cc; a(C)) 9 
Pm = 31 + ?4c + ?&G (f; v(c)> , 
Wa = 96 + 97LG (6; v(<)). 
(3.20) 
The two types of corner functions of equations (3.18) and (3.19) are given explicitly by 
vonKoppenfels and”Stallmann [30] without derivation. Our own derivation is given in the Ap- 
pendix, in which further notation of the variables at the corners is illustrated. 
We use the solution of the SC formula in equation (3.7) in the form of series, obtained by 
convolution algebra; see [32]. We employ further convolution algebra for the solution of the 
functions p and 20. 
As introduction to the solution process, we solve the torsion problem for the triangle in the 
next section, where almost all of the features for the multicornered polygon appear already. 
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3.1. Notation 
To facilitate the reading of equations, we use subscripts for the convolution numbers as follows. 
Subscript F denotes the Taylor factor of a Frobenius series, so that a function up(u) = g. ZF 
is a pure Taylor series. An additional subscript ,,, denotes that the rnth element of a convolution 
number has been taken out and the remaining series has a zero element at position m. 
For example, 
Alternatively, it is used to indicate that a shifting operation has taken place, 
A b convolution number is defined by 
4. TORSION OF THE TRIANGLE CROSS-SECTION 
4.1. The Schwarz-Christoffel Mapping 
We use the series solution of the SCT in equation (3.1) from [32], starting with the F’robenius 
expansion for each corner 
where u is the local scaled coordinate in the s-plane 
s - s, ‘1L=- 
P ’ 
(4.1) 
(4.2) 
and p is the scaling constant, for which the local numerical radius of convergence is used. The 
convolution number Z> consists of the coefficients of the .J’robenius series, the complex scaling 
factor cs included, and the subscript F indicates that it represents only the Taylor factor of the 
Frobenius series. The Lagrange differentiation symbol ’ denotes differentiation in the local scaled 
variable u. If we use only one local coordinate at a time, the notations C and u are sufficient. 
Frobenius integration of equation (4.1) produces the SC integral at each corner 
where < is the local coordinate of equation (3.17). We note that no logarithmic term will appear 
in the integral of equation (4.1) for any physically possible finite polygon. That is not the case 
for physical approximations by mathematical infinity, as in the case of the original example by 
Trefftz [14]. 
In the case of the triangle no iteration of the points sy is necessary, and we distribute them 
equilaterally over the circle as shown in Figure 2a, for all triangles. The three Frobenius disks 
then cover the entire unit disk, also shown in Figure 2s. 
An additional Taylor disk may be used, shown with a thinner line in Figure 2a. The corre- 
sponding covering in the z-plane is shown in Figure 2b. In the case of the general polygon, Taylor 
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(a) Disks in s-plane. 
0 = Frobenius match points. . = Disk centers. 
(b) Mapped disks in z-plane. 
Figure 2. Frobenius and Taylor convergence disks of triangle. 
disks are often necessary to cover the complete boundary. In a Taylor disk, the SCT reduces to 
the regular form, see [32], 
dz 
;i;l = csp x fi(S” - si + pu)“‘-l =lJ.z’, 
i 
z-zp=lJ.z, 
(4.4) 
(4.5) 
where z,, is the mapped center of the Taylor disk CL. 
4.2. The Functions w 
For the triangle cross-section, n = 3, the number k of equation (3.5) is zero, and therefore, the 
polynomial Pk in equation (3.6) reduces to the single coefficient c~, so that equation (3.7) for the 
triangle reduces to . 
g = Q x fJs - S,)-2aY 
v=l 
(4.6) 
Similar to the SCT, the expansion is done separately in each convergence disk; see [32]. 
The SGT program computes all transformation series coefficients, and it sets up the Regions 
Table of numerical convergence disks, and the Match Table of the sequence of overlapping disks 1 
and T, as well as their common match points s,,,. The first two columns of the Match Table 
contain overlapping disk numbers, which we term here 2 on the left and T on the right. The 
role of disk numbers is perhaps explained best by terming T the master and I the slave disk, 
respectively, with respect to matching. The next two columns contain the real and imaginary 
parts of the common point s,,, in the overlapping region, at which point the two adjacent series 
of the same global function are matched. 
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4.2.1. Regular corner 
We expand equation (4.5) for each corner 
dw 
X’cOP 
1-2a,U-2a, 
n(Sv - Si + /XJJ)-~~~ 
i#V (4.7) 
= co u-2-, x rJ. gF, 
where the convolution number ijF is obtained from the product of the expansions of the factors 
with convolution algebra, see [32], and u is the local transformed variable of equation (4.2). We 
integrate equation (4.7), without integration constant, to obtain the null function 
where TF is obtained by F’robenius integration; see [32]. The functions w+ and fw are different for 
each corner, and we may distinguish them by the notation w+, and fwV if necessary. According to 
equation (3.18), each function w., of the regular corner consists of the constant +zV only, so that 
the remaining null functions w+,(uV) at each regular corner contain no constants. The remaining 
unknown in equation (4.7) is the factor Q. 
The total function in the Frobenius disk at the regular corner u is 
w=w.“+w+=cofu(~)+Y2”, (4.9) 
where 72” is the known constant function w., at each regular corner. 
4.2.2. Singular corner 
The included angle and exponent that may appear in the triangle is CC,, = (1/2)7r, uy = l/2, 
respectively. But in the general multicornered polygon, the concave corner with included angle 
and exponent ccV = (3/2)7r, a, = 3/2, respectively, may also appear. Equation (4.7) becomes 
explicitly 
dw 
du=COu --’ x u’ gF, for a; = f, 
which we write generally 
= Qu-3 Xu’gF, for a, = %, 
dw 
du=COu -m-1 x u. PF, m = 2a, - 1. (4.10) 
The integral, by F’robenius integration of the convolution number gF, results in a F’robenius 
series that contains a logarithmic term 
W =W. +W+ =c&F,&gth+t? Xu’fF,) +bFO (4.11) 
= % h(u) + GFO, (4.12) 
where gFm is the mth element of the convolution number gF. The yet unknown integration 
constant 2~s is written separately, so that the mth element of fFm is zero for both cases of m. 
The corner function w. is given by equation (3.19), and we must only determine the part w+. 
To separate w+, we transform w. from equation (3.19) to a function of u. From equation (4.3), 
log~=a,logu+logtFO+~~log z ( > (4.13) 
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The convolution number z~/zFc has leading element 1, and the logarithm is computed by the 
general convolution formula 
IogZ = 
s/ 
I F 
with leading element zero. 
Substituting equation (4.11) in equation (3.19), we obtain the corner function in the variable U, 
The factor U-“’ x is separated by moving the elements of the convolution number forward by m 
positions, corresponding to the convolution operation iFm = &,, * iFO. In both cases of m,’ 
the m leading elements of iFml are zero, and therefore, we place the constant 91~ into the empty 
position m, 1Fm = NIL, and have the final form 
W. = ?(,L iOg U + Umm X u. iFm. (4.16) 
We have immediately from equations (4.11) and (4.16) 
@gFm = TOOL, (4.17) 
which produces explicitly 
By making a study of the exponents in equation (4.10), we find that for any polygon, gFm can 
never be zero; equation (4.17) is, therefore, a well-conditioned equation. 
We find, however, that when q, is determined, we cannot determine the complex constant &Fc 
by substituting equation (4.11) in equation (3.8) at the singular corner, because the two real 
equations of the two perpendicular adjacent legs are dependent. Therefore, 2~0~ of each regular 
corner must be found by matching with the other disks. 
4.2.3. Near-singular corner 
For the M 90’ angle corner we write the expansion of equation (4.6) 
dw 
du= 
tj, (gF,,U-2av + t‘-2av x u ’ &,) , 
where BFc is the convolution number gF with leading element gFe extracted. 
For the M 270’ angle corner we write the expansion of equation (4.6) 
dw 
du= 
ql (gF2U2-2a’ + U-2av x u * lJF2) , 
where gF2 is the convolution number gF with element gF2 extracted. 
For both near-singular cases in terms of the small quantity T from equation (A.3.37), and 
index m from equation (4.10), 
dw 
du= 
c,, (gFmd-l + t‘-2au x g’ gFm). 
The integral of equation (4.18) is 
( UT - 1 WC% SFm- + d-2av x u ’ f;Fm > + LjFO 7 
= C~J (g&G@; th) + d-2av x u ’ &m) + GFO (4.19) 
= Cofwv + GFO, (4.20) 
326 W. C. HASSENPFLUG 
where the logarithmic series function LG is defined in equation (A.3.11). The constant l/~ has 
been added to the integral u7/r to get the form for the logarithmic series, and the integration 
constant Lj~e will adjust for this, as well as for matching as required. In this form, the function 
is well determined for computation. 
The function w in equation (4.19) is the sum w. + w+. Therefore, comparing equations (4.19) 
and (A.3.45), we get the two conditions 
QgFrn = @?7dFo, (4.21) 
GFO = % (?6v +?~?vLG(E;~FO))+ ?2V. (4.22) 
If we substitute e, by equation (A.330)., we arrive at 
CogFm+i,2 ~0s %%dFo%v = %ho, 
GFO + (e,2c06%(?6v +?7vLG(E;uFo)) - 1)'+2V = ?61/ +?7vLG(E;tJFo), 
(4.23) 
(4.24) 
which may be written as two rows of a matrix equation 
All co f-%3’?2V =Tl, 
A22 GFO + A23?2v = 7.2, 
(4.25) 
for the three unknowns ~0, GFc, Tsv. 
4.2.4. Taylor disk 
As the Taylor series at some internal point s is not associated with any corner, and will 
generally also not converge at any one corner, its convergence disk is limited to a region of a 
regular function, which means that there is no distinction between the boundary functions w. 
and w+. We expand equation (4.5) in each Taylor disk p in a Taylor series 
Tg = fq x fJ(s, - si + P4-2aa (4.26) 
i=l 
EQcJ.ij (4.27) 
and integrate to obtain 
w=cou~f,+Y2~'~fw~(")+Y2~L) (4.28) 
with an undetermined complex integration constant ysl*. Altogether there are as many unknown 
constants ye, as there are Taylor disks. 
4.2.5. Determination of the coefficients 
The unknown constants that we encountered in the various disks are cc, &Fcy , 7sP, and TsvV. 
They are all linked by the fact that the same global unique function w must be represented locally 
by the appropriate series in each disk. 
The common unknown factor ~0 may be determined by matching between any two F’robenius 
disks. In the case of the general polygon, this may not be possible because the Frobenius disks 
may be linked only by an intermediate Taylor disk, as deliberately shown in Figure 2. 
We set up equations for the unknowns from equations (4.9), (4.12), and (4.20) according to all 
the 2 - n rows of the Match Table, which contains the overlapping disk numbers 1 and T, as well 
as their common matching point s,. Generally different types of disks will overlap, for which 
the matching equations must allow. The matching equations are, therefore, written generally as 
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which are complex-valued equations from which the complete set of complex constants, Q, and 
any integration constants, are obtained. Each coefficient y,, or WFOV appears or does not appear 
according to the type of disks 1 and T. The three Frobenius match points are indicated in Figure 2a 
by a l . 
Compensating for the extra unknown 5~0, we append equation (4.17) to the set of equa- 
tion (4.29). In addition, for every near-singular corner the two rows of equation (4.25) are 
appended to the matrix equation, compensating for the additional two unknowns for every near- 
singular corner. Let 
nc = number of corners = number of Frobenius disks, 
nT = number of Taylor disks, 
ns = number of singular corners, 
nNs = number of near-singular corners. 
(4.30) 
Since one less than the total number of disks are linked by the matching equations, we obtain 
for the triangle with the single degenerate polynomial coefficient ~0, a complex matrix equation 
with 
number of rows = nC + nT - 1 + 72s + 2nNs, 
triangle number of columns = 1 + nT + nS + 2nNs, 
which is shown diagrammatically’in Table 1. 
(4.31) 
Table 1. Match matrix. 
A 
“/2/l - -- 
ns nNS 
--  
cjFO -  - -  &,,, -  - -  
z 1 fl / 
f1,O fl 
I I 
A22 
nN.5 
, . 
T2v -  - -  
-izv regular 
0 singular 
0 n-singular 
I 7OL singular 
The absence or presence of coefficients in the respective disks is represented by a matrix ele- 
ment 0 or 1, respectively, with the sign according to equation (4.29). The sequence of equations 
follows the information in the Match Table. We denote the matrix equation for computation 
purposes, in matrix-tensor notation [34], 
Apparently, we have some redundant information at this stage, because equations (4.32) repre- 
sent one more number of independent equations than the number of unknown complex constants, 
in the case of the triangle, where the polynomial Pk has degenerated into the single complex con- 
stant CQ. By the Gauss elimination routine with total pivot search, the best conditioned rows are 
used for the solution. We verify afterwards that the solution is compatible with the overdeter- 
mined set. 
Because we follow closely the theory of vonKoppenfels and Stallmann [30], it is appropriate 
to explain the difference in the computation of the constants. The property that the w-polygon 
circumscribes a unit circle, see [14,30], is expressed as a boundary condition in equation (3.8), 
see [30, (3.4.10)], h’ h w ic is a real-valued equation which must be satisfied on each leg of each corner. 
The equations (13.4.16) [30, p. 1541 are in a form suitable for numerical integration. The result 
can be substituted in equation (3.8)) which is used by von Koppenfels and Stallmann [30], together 
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with boundary conditions on the polygon sides, to determine the set of constants. However, in 
our method we cannot do this.. Due to the parameter variable s, there is a different series w+, . 
at each corner, and also a different corner function and constant. The result is that there are 
no single global constants ri,m, 73. In fact, in our method the boundary functions w.” already 
satisfy equation (3.8), so that we obtain 
on each side of each corner. 
After Q and the missing integration constants are determined, the multiplications in equa- 
tions (4.7), (4.11), and (4.19) are carried out. The fully determined function for each regular 
corner has the series form 
id+ = d-2av x v’ gj+F. (4.33) 
Each Taylor disk has the regular series form 
w =u.z, (4.34) 
where the integration constant ~2~ is included in the convolution number V. 
At the singular corner, the total function is 
where 
=Frn = d&,, 
is computed after G-, is known. 
To separate the function w+, subtract equation (4.16) from equation (4.11), 
(4.35) 
(4.36) 
w+ = u- x g * (i&m - iFm) +.&j,, 
(4.37) 
E2L -m x U.c+F. 
The element 5~s is added to whatever was in the previous position m of g+F, so that the form 
of equation (4.33) is obtained. Thii element contributes a part W+Fm x (1/2)C2 to the function 
w. Only for the right-angle corner is this both a null function and a regular function of u; it 
could, therefore, be placed in either w+ or w.. We note that the function w+ has a form for 
the singular corner which is quite different from the form for the regular corner in as much only 
integer powers of 21 occur. 
For the near-singular corner, the value of e, is computed from equation (A.3.30). Then the 
new constants in equation (A.3.44) are computed, and the corner function of equation (3.20) is 
written in the same form with revised constants’ as 
(4.38) 
(4.39) 
W - ?A, + ?;&G(E; v). .V - (440) 
Now, the function w+ must be separated from the total function w. Subtracting (A.3.45) from 
equation (4.19), considering that equations (4.21) and (4.22) are satisfied, 
(4.41) 
‘It is understood that con&’ does not indicate & derivative. 
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The logarithmic series near 270” also embeds the pure logarithm of equation (4.16). It is, 
therefore, interesting to note that the rather forced introduction of a factor uern in equation (4.15) 
corresponds to the factor u1-2au that appeared naturally in equation (A.3.42). 
Hereafter, whenever the value of w is required, it is computed by w. +w+, from equations (3.18) 
or (3.19) or (3.20), and (4.33) or (4.37) or (4.41), respectively. 
We still have not used equation (3.8), which we also verify at this stage of the computation, 
on both legs near each corner. This is a useful check of the computer program at this stage. If 
the wrong Riemann sheet was used in log ZFO of equation (4.13) or in log,, of equation (A.3.38), 
the error will show up here. 
4.3. Integration of Q+ and w+ in Frobenius Disks 
Having determined the factor ~0 for the triangle at this stage enables us to separate the null- 
function w+, and we can continue with the solution of the function w+, which was proved by 
von Koppenfels and Stallmann [30] to be an entire analytic function of u at any one corner, which 
for our purposes means within the convergence disk at any one corner. 
For the purpose of solving the differential equation (3.9), the local variable u is used as variable, 
and the intermediate variable q is defined, so that equation (3.9) is transformed to two first-order 
differential equations 
(4.42) 
dw -= 
du ” 
Now that we have split w = w. + w+, we split the linear differential equation (4.42) similarly, 
and define intermediate partial functions for each corner 
dw. dw+ 
4=9.+4+=yg+~’ 
where q. and q+ are again default notations for qev and q+“, respectively. 
Substituting q. and q+ in equation (4.42), we obtain a differential equation for q+ 
dq+ Q+ 2’ 12 ---= 
du z’ 
w+z . 
4.3.1. Regular corner 
At the regular corner 
dz 
“I=;T;E=” 
a,-1 x g F’&, 
d2.z 
.? = d.U2 = u 
au-2 x Q. q,, 
(4.45) 
(4.46) 
The convolution number Zh is already available from equation (4.1), and F; is obtained by 
Frobenius differentiation of equation (4.1), again all in the local scaled variable u. Now we make 
use of the fact. that q+ is a regular function, according to the proof in [30], and therefore, assume 
the Taylor series 
4+ = u.v+. (4.47) 
Substituting the expansions of equations (4.33) and (4.46) in equation (4.45) produces 
uxQq;-c&;ii+ *2;/z&=Q.iEi+F*F;;t2, (4.48) 
where all fractional powers of u have cancelled. 
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We compute the convolution constants 
(4.49) 
(4.50) 
The Taylor transform of equation (4.45) is then reduced to 
a,*$+-ij+*a=i;. (4.51) 
A similar equation is now derived for the nonregular corners. 
4.3.2. Singular corner 
The derivatives of the mapping equation are, from equation (4.1) and the definition of m in 
equation (4.10), 
dz 
“‘=z= 
&-w x u. -&, 
p = d2Z = U(m-3)/2 x u .y 
(4.52) 
du2 - F. 
If equations (4.37) and (4.52) with their particular exponents are substituted in equation (4.45), 
the exponents cancel again, to produce exactly the same differential equation for q+ of the singular 
corner as equation (4.51) for the regular corner 
4.3.3. Near-singular corner 
The derivatives of the mapping equation as in equation (4.46), and equation (4.41), with their 
particular exponents are substituted in equation (4.45). The exponents cancel again, to produce 
exactly the same differential equation for q+ of the near-singular as equation (4.51) for the regular 
corner 
&*$+-q+*id. 
Then from here on, the computation of q+ and w+ for th.e triangle continues without distinction 
for all three types of corners. 
4.3.4. Continuation for all corners 
From equation (4.51) we obtain the zero element of q+ as 
The differential equation 
and its Taylor expansion 
Q+o = --To/ho. (4.53) 
is of the form 
q; _ Q+(‘llP(4 _ r(u) 
U u ’ 
(4.54) 
cannot be solved directly by the ordinary pointer convolution number 
algebra. It belongs to the group that can be solved by “other operators” in [31, Section 17.3). 
The explicit recursive solution of the series elements is 
qi= (igqjbi-j+r,)/(i,oJ. (4.55) 
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As can be seen from equation (4.53), this is the complete solution. We note in passing that the 
direct Taylor transform of the known analytical form of solution of equation (4.54), see [35], is 
much more cumbersome. 
We can verify that analytic division by u in the solution process is compatible, even though 
the leading element in i: may be 0, and therefore, q+ is a regular function at each corner. The 
assumption of equation (4.47) is confirmed for every type of corner, even though w+ is a Frobenius 
series. It is apparent how convenient the proper separation of w = w. + w+ by von Koppenfels 
and Stallmann [30] was, to achieve this situation. 
The complete functions q+“(u) are now determined for each corner; no additional integration 
constant is necessary or possible. We can proceed immediately to integrate 
(4.56) 
without any integration constant, because that constant belongs to the function w,, which sat- 
isfies the corner boundary condition sufficiently. It is not quite complete. The imaginary part, 
which is part of the warping function, remains indeterminate. 
We note that w is a mathematically convenient function, and is also convenient to compute 
the shape of the shear lines. But the physical important quantity to compute shear is 
dw 
- = q/z’. 
dz 
Therefore, we compute the function p(u) defined in equation (3.14), from equations (4.46) 
and (4.47) 
p+ = u1-u x u. q+/& s ul--av x u. p+p (4.58) 
The three convolution numbers that are then kept available in each Frobenius disk are i;7+, &., 
and ii?+ for any random evaluation of the functions %, $$, and w+. 
4.3.5. Matching preparation 
In the above, we have obtained the complete functions q and w in all Frobenius disks essentially 
complete without unknown integration constants. No matching of Robenius disk values q and w 
is necessary; indeed it can be verified that match values of overlapping Frobenius disks are 
consistent in their real parts. 
Now we set up a new Match Amy, which is an array of two columns, as an appendix to the 
Match Table, for the torsion problem. We scan the column T of the Match Table, which may 
contain a random sequence of F’robenius and Taylor disks, for any Frobenius disk that occurs. 
At the corresponding match point sm we compute the values qm and wm and place them in this 
row of the Match Array. As will be apparent in Section 4.4.1, they are required for matching of 
Taylor disks. 
Actually, as q is defined, it is not a global variable, because it depends on the scaling radius 
according to equations (4.2) and (4.43). Furthermore, there is not yet a function q,(u). Therefore, 
to compute a global value qn, we transform 
dw 
Q m=ds= >I 
P 
4.4. Int&ration of q and w in Taylor Disks 
A typical Taylor disk on the boundary is shown in Figure 2a. Instead of equations (4.46), the 
SC mapping equations become in each Taylor disk, 
Z’ = dz = u F’ 
du -’ ’ 
d22 - u -y 
(4.60) 
p - 
du2 - ’ 
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The intermediate frmction q of equation (4.43) remains simply 
dw 
4=x’ 
which is substituted in equation (4.42) to produce the differential equation 
dq q 2’ 12 
;i;l--7-=wz~ 
(4.61) 
The Taylor transform of the differential equation for q(u) becomes in each Taylor disk, instead 
of equation (4.51), 
q’-q*F”/y =57*-p (4.62) 
c q’-q*i; =T. (4.63) 
The solution is the regular analytic function q(v), which has no singularities in the Taylor disk. 
Unlike the equation in the F’robenius disk, we have no initial value. Therefore, the solution of 
equation (4.63) is separated into a particular solution qr and a homogeneous solution, which we 
write with an unknown factor qo as qo i&r. The separate differential equations are 
q; - q * i; = T, (4.64) 
igI - T&I * 5 = i3. (4.65) 
We solve equation (4.64) directly with the recursive routine for the coefficients 
qro = 0, 
( 
j-2 
4JIj = &-l-i bi + Tj-1 j. 
i=o )/ 
(4.66) 
The solution of equation (4.65) can be seen to be 
fiI = 2’. 
In equation (4.66) the limit j - 2 is due to the initial value 0. 
(4.67) 
4.4.1. Integration constants in Taylor disks 
The sequence in which the integrations in the Taylor disks are done is obtained by scanning 
the column 1 of the Match Table. The first one that is encountered will always be matched with 
a F’robenius disk. Therefore, a match value qm from the Match Array at the matchpoint s, is 
available. 
. The factor qo is determined from the global match value, using the local variable u, from the 
Taylor disk, 
QI(%) + qo aI(%l) = qm P. (4.68) 
The two solutions are collected into one 
P=G +qo’if11. (4.69) 
The total function w(u) is then determined in each Taylor disk by integration, 
w= s wdu=Q. J q=g.Til, (4.70) 
again without integration constant. 
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Then the constant of integration wa is determined from matching with wnL, still in the same 
row of the Match Array, 
W(%) + wo = %n, (4.71) 
from which 200 follows and is inserted as zero element in 5. 
Any following Taylor disk may be matched with another Taylor disk. Therefore, the’ Match 
Table column r is scanned to find any possible row i where the present Taylor disk 1 may occur. If 
it does, the global match values q,,, = q(u)/p and w,,, are computed at sm of row i, and inserted in 
the Match Array in row i. By this means, any known match values are always ahead of required 
match values. 
Also in the Taylor disk, the function p(u) is computed 
(4.72) 
-- and the three convolution numbers w, p, and Ej are kept available for each Taylor disk. 
The scanning for possible Taylor disks at the beginning of this section is then continued until 
the expansions of q and w in all 71~ Taylor disks are completed. 
4.5. End of Computation 
As a final rounding off, we go through the Match Table again, and this time match all imaginary 
parts, which are the values of the warping function 4, such that at the centroid of the polygon, ZG, 
the value @G) = 0. This is necessary to get a continuous function 4, which we need in the torsion 
stiffness integral of Section 5. If only boundary disks were used and ZG is not within any disk, 
any boundary point will suffice as reference. 
At the end of the computation, the result of the analysis of any polygon cross-section consists 
of the various constants yk and the three convolution numbers Z, p, and E, in each Frobenius 
and Taylor disk. 
4.6. Results 
First of all, the results for the equilateral triangle were computed to verify the accuracy of the 
computation with the known analytical formula. Of course, the simple solution is now disguised 
by series in the s-plane. With a convolution number length of 20, and seven digits single precision 
computer numbers, maximum shear stress was found to be accurate within six digits. 
Some results of typical triangular cross-section shear functions are presented in Figures 3 
and 4. The shear lines are shown, and the dimensionless shear (rZZ/G@)/& is plotted on the 
boundaries, using the triangle’ area A as reference. In Figure 3a, a typical irregular acute-angled 
triangle is shown. Figure 3b shows a triangle with obtuse angle. A right-angled triangle is shown 
in Figure 4a; here the origin of the coordinates is taken at one extreme corner. The shear at the 
right angle is computed with the functions of equation (3.19). In Figure 4b, a triangle is shown 
with one angle of 85”, which is treated, for the purpose of demonstration, as a near-singular angle 
with the corner functions of equation (3.20). 
The plotted shear stress shows some interesting features. First, the shear lines penetrate quite 
deeply into even the sharp corner. Second, the maximum shear stress is fairly equal on all three 
sides of a triangle. 
It can also be seen clearly that the gradient of the boundary shear stress at the acute angle is 
finite, but infinite at the obtuse angle. The latter can be explained mathematically by imagining 
what must happen by a continuous variation of the obtuse angle into a straight line. The infinite 
gradient of the shear graph at the right angle corner, in Figure 4a, cannot easily be detected 
because its steepness decreases quickly within a very small distance. Two cases were compared 
with the results of Kondo [ZS]. Shear lines and boundary shear stress for the rectangular triangle 
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(a) ‘%I = 70”, o(vz = 60°, ccy3 = 5o”. (b) xv1 = llo”, c(vz = 400, my3 = 300. 
Figure 3. Shear lines in triangle cross-sections. 
(a) ~1 = 30°, (xv2 = 60°, (x,,s = 90°. (b) C+I c 900, cc”2 = 450, c&g = 500. 
Figure 4. Shear lines in rectangular and near-rectangular triangle cross-sections 
with adjacent sides ratio of 1 : 2 correspond very well. However, the similar results of the isosceles 
triangle with ratio of height : base = 1 do not correspond well. His shear stress on the slanted 
side is too high, and also does not comply with the observation above. His inner shear lines are 
flattened in the wrong direction. 
The results of the isosceles rectangular triangle agree almost exactly with the values of Ishi- 
bashi [24]. We get a maximum value 7 = 0.459175 Gr’a for his r = 0.4591 Gy’a. It is obvious 
that his graph of the shear stress on the short side is plotted the wrong way round; the maximum 
stress occurs nearer the right angle corner, at a distance of M (1/3)a. Also, he probably uses the 
assumption by Boussinesq that maximum stress occurs nearest the centroid, which is incorrect; 
see [3, p. 3161. The actual position of maximum stress is at 0.3493a, and has the value r = 
0.4432 Gy’a. At (1/3)a, we get a value of r = 04427Gy’a instead of hi 0.4429. The differences 
are negligible due to the crest. 
Numerical results for some selected triangles are given in Section 6. 
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5. TORSIONAL STIFFNESS 
For the following discussion, we find it useful to denote the implied values on the boundary in 
equation (2.14) again specifically by subscript r, i.e., 
4=6r, n-9 l=h-, on the boundary. 
No distinguishing symbol is necessary when referred to the boundary normal n. The compo- 
nent 2 is always finite, even though $$ may be infinite at a concave corner. It is obtained most 
readily from the boundary condition for the stress 7’, using equation (2.8), 
a.*= a4 a+ -n,m + nym + nz dx r 
- +nydyr=O, 
and therefore, 
(5.2) 
The integral in equation (2.14) then becomes 
J, = - 
s 
dr (n,yr - nyxr) dir. (5.3) 
The function C$ in equation (5.3) can be extracted from the complex solution of w, and the real 
integral could be integrated numerically. There may be an accuracy problem. All function values 
are given as functions of s. Gear a shallow corner it is very difficult to get an exact value of z(s), 
because $ A 00. Therefore, a correct value of $J may be placed at an inaccurate value of z, 
resulting in i”distortion of the integral. 
The analytic integration along the boundary is presented next. The boundary is partitioned 
into sections on the s-circle where the different convergence circles overlap, as shown in Figure 5a. 
The corresponding partition points are computed on the boundary of the polygon, as shown in 
Figure 5b. We distinguish then between a Frobenius disk and a Taylor disk integral. 
c 
(a) Partitions in s-plane. (b) Partitions in t-plane. 
Figure 5. Boundary line integral partitions 
Next, we make use of the fact that the partitions on the polygon boundary are straight lines, 
two from each center of a region. Along each straight line-we write equation (5.2) 
a4 dn =A+lr, (5.4 
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considering that the slope is 1, where now 1~ is the local length coordinate from the center of 
each region. The constant A 4 $$ (at the beginning of the integration path). Considering the 
Frobenius regions first, with the split of the functions as in equa&on (3.10), 
J, = - 
I 
qSr$ dir = - 
I 
(4. (A + lr) + d+ (A + lr)) dir = Jw. + Jw+. (5.5) 
Since 4. is given as a function of Z, we integrate J,. in the t-plane. On the other hand, $+ is given 
as a function of s, and we integrate Jw+ in the s-plane. Considering that the factor (A + lr) dir 
is real, we may write 
J,+ = - 
s 
d+ (A + lr) dir = S 
(1 
w+ (A + lr) dir 
> 
, (5.6) 
integrate the complex function, and separate the imaginary part at the end. Starting at the 
corner z,, the length lr can be expressed in the local coordinate C from equation (3.17), as 
lr = S,lc, (5.7) 
where da = cos& + 2^sin/3, is the direction number of the side. By this means the integral in 
equation (5.6) becomes an analytic complex integral 
l&+ = 
I 
w+ (A + C,‘<) &cl d< 
(5.8) 
= //-W+(U) (A + e;‘C(u)) g;‘<‘(u) du = / fi(~) du 
in the local variable u in the s-plane from equation (4.2). We remark here that the customary 
method of converting the real integral into an analytic complex integral is to use the straight line 
in the t-plane. This cannot be done here because all our expansions use the circle as a boundary, 
and it would indeed cost much effort to transform them to the real circular variable 8. 
Equation (5.8) is easily solved in convolution algebra with the available expansions at a corner 
h(u) =tJ.?i~+~ x (A++ xQ.Z;~Z~) x vaV-l x&a,‘& 
=u au-1 x~~~+~*A~;~F~+u~~ x&?~+~*i;~z&;‘& 
=U h-l x g. f& + U2--l x u. i&, (5.9) - 
s 
W+ (A + lr) dir = tP x u. Zp + u2au x g. t2F 
The initial value of the integral on a partition is zero, and therefore, the integral has to be 
evaluated once, at the end of the interval. 
The integral from the center.in the other direction must be taken negative. With the appro- 
priate direction number &b and slope, the integral is the same as in equation (5.8). Due to the 
opposite direction along the integration line, its value at the lower limit must be added rather 
than subtracted. 
The contributions from the corner functions 
J,,,. = 3 (J W. (A + lr) dir > s s L dir (5.10) 
are different for each type. 
5.1. Regular Corner 
We substitute the function from equation (3.18) and transform to the real variable lr of equa- 
tion (5.7). The result is a polynomial with complex coefficients in the real variable lr, 
h = ho + hllr + h& + h&, 
which is integrated to the complex polynomial 
^ 
T = tllr + t& + t& + t&f?. (5.11) 
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5.2. Singular Corner 
The singular corner function in equation (3.19) consists of a leading ‘polynomial 
regular corner. Only the additional term has to be integrated by a different formula, 
337 
as for the 
(5.12) 
5.3. Near-Singular Corner 
The singular corner function in equation (3.20) consists of a leading polynomial for the regular 
corner. Again, only the additional fourth term has to be integrated by a different formula, 
/w.sdlr = /- ?3362L~(~; v) (A + b-1 dh- 
= AT3c,1e,3 J v2L&; v) dw + A5,33&;26,4 J v3L&; v) dv, (5.13) 
s 
m-iL&; w) = wm 
( 
-&G(Ei v> - 
1 
V 
> m(m+c) . 
(5.14) 
This formula includes the previous one, equation (5.12), as a special case. 
5.4. Taylor Boundary Disk 
The integral consists of regular functions only, of the same form as in equation (5.8), with w 
instead of w+. With the available expansions this can be written directly, and integrated, 
(5.15) 
5.5. Results 
The integrals in equation (5.5) are, therefore, easily computed with the equations (5.9), (5.11), 
(5.12), and (5.13) along the boundary. The integrals are computed separately in each boundary 
partition l?“, so that the integral in equation (5.5) is written in a more consistent notation 
J,=- +rgdlr=CS 
f (J 
w (A + lr) dir . 
” rv 
(5.16) 
Torsional stiffness can now be computed for any polygon for which the function w is solved. 
5.6. Remarks 
Only the baundary disks are required for the line integral, which is also the minimum require- 
ment for the solution of the coefficients in Trefltz’s integral. It is also conveniently consistent 
with the fact that for the general polygon only the boundary disks are necessary in the iteration 
of the SCT. All these facts are of course ultimately due to the theorem of potential functions, 
that their values in a region are completely determined by the values on the boundary. 
We note that we cannot apply the customary method of residues to evaluate the boundary 
integral. First, the boundary disks do not have residues, and do not enclose a region, and second, 
we do not have a single series expansion that includes the whole region. 
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6. RESULTS FOR THE TRIANGLE 
There are too many parameters in a general triangle to give a comprehensive list of results, and 
therefore, a series of rectangular and isosceles triangles are selected in Table 2. The dimensionless 
maximum shear stress on the sides and the moment is presented. For such a variable geometry, the 
customary method to select a particular distance as reference length is unsuitable, and therefore, 
we have used 6 as reference length dimension. This choice is dsd suitable for general polygon 
sections. For the purpose of the table, the sides are denoted as shown in the diagrams in the 
table. 
Table 2. Triangle torsion 
Rectangular Triangle 
h 
1 
c 
b 
h 
m 
c 
b 
1:l 0.62675 0.62675 0.64937 
4:5 0.61417 0.63062 0.64580 
3:5 0.58650 0.62261 0.63093 
30” - 60’ - 90“ 0.58196 0.62049 0.62811 
1:2 0.56355 0.61055 0.61597 
2:5 0.53137 0.58950 0.59259 
1:3 0.50282 0.56814 0.57003 
1:4 0.45583 0.52894 0.52977 
1:5 0.41921 0.49559 0.49602 
1 : 10 0.31361 0.38851 0.38857 
0.104359 
0.102714 
0.096162 
0.094969 
0.089996 
0.081107 
0.073287 
0.060779 
0.051700 
0.029267 
Isosceles Triangle 
1 : 10 0.31389 0.38893 0.041512 
1:5 0.42060 0.49752 0.059457 
1:4 0.45808 0.53201 0.070604 
1:3 0.50690 0.57360 0.085592 
1:2 0.57232 0.62205 0.104358 
equilateral 0.65804 0.65804 0.115470 
1:l 0.65074 0.65918 0.114693 
2: 1 0.64937 0.62675 0.093601 
3: 1 0.60808 0.58153 0.074811 
4: 1 0.56603 0.54169 0.061674 
5:l 0.52913 0.50795 0.052287 
10 : 1 0.40911 0.39833 0.029458 
*Numerical and graphical results given 
**Exact value $ = &. 
7. THE REGULAR n-SIDED POLYGON 
7.1. The SchwarEChristoffel Mapping for the Regular n-Sided Polygon 
[15,22,24]* 
P21 
WI l 
@I * 
PI” 
The regular n-sided polygon requires practically the same analysis as the triangle, with respect 
to two aspects. First, the SCT does not need an iteration. Second, the SCT and Trefftz’s integral 
can be simplified due to the cyclic periodicity. 
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To follow the transformation clearly, we write the SC mapping on a circle in a C-plane first. 
Due to the cyclic symmetry, ’ 
c&+1 = (vle+(2?‘/n)Y, (7.1) 
2 
a, = 1- -, 
n (7.2) 
and therefore, the SCT of equation (3.1) becomes 
5$ = cc x fi (< _ eiY2”l”bl)-2’n. 
VZl 
The product can be collected as a single term, as given by Henrici [36, I, Section 5.12-1111, 
so that the SCT formula becomes 
dz 
- = cc x (6” - <;l)-2’n. 
dC 
(7.3) 
(7.4) 
(7.5) 
The transformation of the n similar sectors of the c-plane on a single circle in the s-plane is the 
cyclic transformation 
s = C”, 
dC 1 l/n-l (7.6) 
ds=ns . 
Choosing the point 
t1 = 1, (7.7) 
we obtain the SCT for the first sector in the z-plane 
t = Z,l + cs x 
s 
S1/n-l (s - l)-2/n ds, (7.8) 
Equation (7.8) is given in a slightly more general form by vonKoppenfels and Stallmann [30] 
with reference to star-polygons, which in turn were first investigated by Bingleb [37]. We have 
repeated the details here because we now apply them to ‘Ikefftz’s integral. 
The product Pk(s) in equation (3.6) degenerates to only the one factor 
Pk(S) = r3* (7.9) 
The reason is that with k from equation (3.5), the only possible position of the k = 2n - 6 zeros of 
Pk (s) which are symmetric with respect to all n-sides are n - 3 at s = 0, while the other n - 3 are 
their reflections at infinity. The only exception could be the hexagon, n = 6, where six points on 
the circle would be a possible hexa-symmetric arrangement. But further inspection shows that 
then the w-polygon would not be hexa-symmetric. Therefore, only the one unknown constant c, 
appears in Trefftz’s integral. In the intermediate c-plane equation (3.7) becomes, therefore, 
t!$ = in-3 (c” _ 1)4/7+2, 
and with the cyclic transformation of equation (7.6) we arrive at the integral 
w = c, 
J 
Asm2in (s _ 1)4/n-2 ds, 
n 
(7.11) 
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These equations are given by Tsumura [27]. The only significant difference between our method 
and the one of Tsumura is that we compute the explicit Taylor and Frobenius series in each 
convergence di$k, .while Tsumura gives his result explicitly in terms of I’functions, which are 
then expanded in terms of the known parameters, so that his result is elegant and complete. It 
is typical of our general method that it does not use special functions in specific cases. 
The z-plane remains untransformed, and therefore, the corner functions w., p., and w. remain 
the same. If we consider only one corner, there is only one of each corner function. For all the 
other corners we merely have to multiply by rotations for each consecutive sector, which are 
1 for w, e.-i2sln for p, e-i4n’n for w, (7.12) 
according to the divisions by dz. 
7.2. The Schwarz-Christoffel Expansions for the Regular n-Sided Polygon 
We use the series solution of the SCT from [32], based on convergence disks as shown in 
Figure 6. 
Figure 6. Regular n-sided polygon numerical cbnvergence disks. 
One F’robenius disk, Fi, is placed at the singularity at s = 1 in equation (7:8). Due to the 
singularity at s = 0 in equation (7.8), the circle boundary must be covered by several Taylor 
disks, TI to T4. To cover the complete region, a second Frobenius disk, Fz, is placed at the center 
singularity. These disks remain the same for any number n of polygon sides. 
With the local transformation of equation (4.2), the four different kinds of series expansions 
of z and their derivatives are in disk Fl 
% = %, + d-‘ln x g ’ ??F, 
dz 
iii=” 
-2/n x u. 2p, 
In disk F2 they are 
(7.13) 
dz 
;i;l=” 
lb-’ x u’?F, 
d2z 
s=u 
2/n-2 x u. q,!& 
(7.14) 
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In the Taylor disks TI to T4 they are 
z =v.z’, 
dz 
- =tJ.i, 
du 
d2z - =U.f”. 
du2 
(7.15) 
We use the principal sheet of the powers in the Frobenius expansions for the first sector of 
the regular polygon. The Taylor series are all single valued according to the matching with the 
Frobenius disks. For the corner allocated to the principal sheet we choose conveniently z,i = 1. 
7.3. The Functions w 
Again with the local transformation of equation (4.2), the integral is expressed, similar to 
equations (4.8)-(4.12), 
w=c, u4k-1 
( x g.7~) +72v = %&(~)+72v, m# 4, 
(7.16) 
= c, (gFOl%u +U'&O) +GFO = &&w(u) +hFO, n = 4, (7.17) 
including the singular corner of the square, n = 4, in the Frobenius disk FI. In the above, 72” is 
the known integration constant w.“, and &Fc is an unknown integration constant. 
In the Frobenius disk FZ we obtain 
w = c, 
( 
U1-2/n x v7, = Gn.fow(‘ll). 
> 
(7.18) 
Here we conclude again from the multiple symmetry that the integration constant is zero. 
In Taylor disks Tl to T4 we obtain, as in equation (4.28), 
w = c, (ib?) +72p = %&p(u) +72pr (7.19) 
where 7~~ is an unknown integration constant in each Taylor disk. 
7.4. Determination of the Constant cm 
We use the matching equations as in Section 4.2.5 to set up a matrix equation as in Table 
1. To map the polygon, we only need the boundary disks Fl and Tl to T4. Let us consider 
the nonsquare polygon first. There are four matching points starting from any one master disk, 
therefore, four matching equations. There are five unknown complex constants, c, and 7zcr, 
~1 = 1 to 4. In the case of the square, there is the additional equation (4.17), and the additional 
unknown complex constant hv. The square is the only singular corner case of the regular n-sided 
polygon; the near-right angle does not occur. 
In each case we have one less equation than unknowns. To get an additional equation, we use a 
little artifice. We include the central Frobenius diik in the matching equation, which introduces 
no additional unknown because the integration constant is known, its value being zero. 
Now we follow the solution of the matrix equation as in Section 4.2.5, except that the set of 
equations is not overdetermined, and insert the constants in the functions, so that the function w 
is determined in every disk. 
7.5. Integration of q+ and w+ in F’robenius Disks 
We follow exactly the same method as in Sections 4.3-4.5, and obtain the same equations, 
except that the exponents are different. We do not have to apply the cyclic transformation to 
the differential equation (3.9), but use it directly in terms of the cyclic variable s. Nevertheless, 
with different exponents, the same differential equation (4.48) and its Taylor transform, equa- 
tion (4.51), appear for both Frobenius disks, and equations (4.61) and (4.62) for the Taylor disks. 
The additional analysis for the right angle corner is the same, except that only the 90” angle 
needs to be considered. 
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7.6. Remark 
Seeing that the method of analysis is based on the appearance of only one coefficient c,, and 
the knowledge of the constant of the series in the center disk, we can actually also use the direct 
SCT and Trefftz’s integral of Section 4 for the regular n-sided polygon, with ~0 in equation (4.5) 
substituted by c,,,P. In that case, a single center Taylor series is used, with known coefficient 
~2~ = 0. Such an approach works quite well, albeit with more required memory and longer 
computation time, with slightly decreasing accuracy as the matrix becomes too large, and the 
Frobenius disks become too small, at about n > 20. 
7.7. Torsional Stiffness 
The torsional stiffness is computed with the integrals of Section 5, with the only difference that 
the integration path is adapted to this polygon. Due to the periodicity, as well as the symmetry 
of one sector in the z-plane, the integral is carried out over only the upper half of the s-circle, 
from 0 to -1. This path contains leg 1 on the Frobenius disk Fl, and is the continued in the 
appropriate partitions of the Taylor disks Ti and T2. The result is then simply multiplied by 2n. 
7.8. Results 
The solution matrix is square of real rank 12 for n = 4, and the same real rank of 10 for all 
n # 4, and the largest pivot elements are 1. But the determinant decreases with increasing n, 
from 0.610 at n = 5 to 8.79 x 10e3 at n = 10 and 2.72 x lo-‘. This is due to the conformal 
mapping of a increasingly narrower sector on the circle. The accuracy of the results decreases 
accordingly. To obtain almost full seven digit accuracy, with seven digits computation, we used 
a convolution number length of 20. But the reason that this is sufficient for the stiffness integral 
is actually that only the small deficiency Jut, see equation (2.13), is computed. 
As a typical example, the boundary shear stress and shear lines of a nine-sided regular polygon 
are shown in Figure 7. 
Figure 7. Regular nine-sided polygon. Shear lines and boundary shear stress. 
The boundary shear stress of a lOOsided polygon is shown in Figure 8. To be consistent, plots 
of shear stress are done to the same rules for all n. The dimensionless shear stress is plotted 
to the same scale for all n; otherwise we might end up with zero plotted magnitude as n + 00. 
The shear stress magnitude is plotted strictly normally on each side, which gives the lobes of 
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Figure 8. Regular lOO-sided polygon. Boundary shear stress. 
the shear graph an exaggerated separated appearance. In practice, of course, the mathematical 
sharp corner cannot be realiied, and the corner stress will not be exactly zero. 
To understand the large fluctuations of the boundary shear for the nearly circular boundary at 
large n better, we may imagine the slight corners as stressless pieces patched on the surface of an 
almost uniformly stressed round boundary. In Figure 9, we have plotted the stress underneath 
the surface, at approximately 99% radius, which illustrates the fast transition to uniform stress. 
The lobes on the surface have become mere ripples. The graph is apparently not continuous, but 
this is due to the plotting rules above. 
Figure 9. Regular lOO-sided polygon. Shear stress at approximately 1% underneath 
the surface. 
7.9. Listed Results 
The maximum shear stress and torsional stiffness are listed in Table 3. Both are given with 
two different reference dimensions for convenience. The triangle is included for completeness, 
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and it may serve the reader as a control of the reference quantities used. In the third column, 
we list the shear stress referenced to’the normal length 1 from the center to the polygon side, as 
used by Tsumura [27], who suggested a curve fit on this parameter. 
Table 3. Fkgular n-sided polygon tprsion. 
n 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
30 
40 
50 
70 
100 
00 
wfl 2iF/l 
0.65804 1.50000 
0.67531 1.35063 
0.66839 1.27393 
0.65875 1.22608 
0.64977 1.19300 
0.64198 1.16863 
0.63532 1.14986 
0.62962 1.13492 
0.62472 1.12274 
0.62048 1.11261 
0.61677 1.10404 
0.61351 1.09670 
0.61063 1.09033 
0.60805 1.08476 
0.60575 1.07984 
0.60367 1.07546 
0.60179 1.07154 
0.60007 1.06801 
0.58882 1.04557 
0.58293 1.03428 
0.57931 1.02748 
0.57510 1.01967 
0.57188 1.01380 
0.56419 1.00000 
J/A2 J/14 
0.11547 3.11770 
0.14058 2.24923 
0.14943 1.97197 
0.15340 1.84082 
0.15546 1.76662 
0.15664 1.71999 
0.15736 1.68856 
0.15783 1.66627 
0.15815 1.64985 
0.15837 1.63739 
0.15854 1.62768 
0.15866 1.61997 
0.15875 1.61375 
0.15882 1.60864 
0.15887 1.60440 
0.15891 1.60084 
0.15895 1.59782 
0.15898 1.59523 
0.15910 1.58182 
0.15913 1.57704 
0.15914 1.57482 
0.15915 1.57287 
0.15915 1.57183 
0.15915 1.57080 
Comparing the results with Tsumura [27], all values agree within the three decimals given by 
him, except for n = 3, 4, and 12. It is incomprehensible why his values for n = 3 and 4 are 
incorrect, since they were well known. For this reason, we assume that his entries for n = 3, 4, 
and 12 are printing errors. 
Using the corrected values of shear stress, we repeat the curve fit of [27], with the result 
$+1+ 1.385529 + -0.647056 + 2.837659 
n n2 n3 ’ 
for n 2 5, 
which gives the shear values correctly within all decimals in Table 3, for n 2 5. 
A curve fit of the quantity J/A2 produces the result 
J,A2 = $ + 0.00;923 + -0.0n325722 + -1X$058, 
for n 2 4, 
(7.20) 
(7.21) 
which gives the torsion stiffness values correctly within at least one digit of the last decimal in 
Table 3, for n > 4. 
8. THE GENERAL n-SIDED POLYGON 
The generalization to the general polygon with nc > 3 unequal corners is described most 
conveniently by continuing from the triangle. 
The SCT equations (4.1) and (4.3) remain the same at every corner. Similarly, equations (4.4) 
and (4.5) remain the same in every Taylor disk. 
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8.1. The Functions w 
For the general polygon, we must use the complete Trefftz’s 
from equations (3.6) and (3.7) 
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dw 
ds = c&Sk x fJ(s - S”)-2a? 
l/=1 
formula,- written conveniently2 
(8.1) 
In this section, we use k as a summation index, and denote the quantity k of equation (3.5) by 
nK = 2n - 6. (84 
Therefore, in equation (8.1) k = 0 to nK. Equation (8.1) is the generalization of equation (4.6) for 
the triangle. As a result, the equations in Section 4.2 must be generalized to multiple equations 
with multiple coefficients. They are derived here with obvious meaning of the extended notation. 
8.1.1. The regular corner 
Equations (4.6) and (4.7) become 
dw 
--& = Q (S” - pL1)k pl-2ay+- rI(S” - si + pU)-2ai 
i#V 
= q&-2av x U.&F, 
(8.3) 
where the nK convolution numbers gkkF are computed in a recursive sequence by 
s”--pu=g~s, 
W+l,F = B * gki- 
(8.4) 
The null function consists of the sum of the integrals of equation (8.3) without constant, written 
explicitly and symbolically, 
w+ =ckt‘ 1-2a, x Q * TkwF 
= ckfkdu). 
(8.5) 
The total function in the Frobenius disk at each regular corner u consists of the sum 
w =w. +w+ = ckfkw(~)+Y2v. 
8.1.2. The singular corner 
Equation (4.10) becomes 
dw 
d21 =cku 
-m-l x u ’ TjkF, m = 2a, - 1. 
(8.6) 
(8.7) 
The integral results in a sum of Frobenius series that contain nK logarithmic terms 
w=w.+w+=~(gkF~log~+~-mX~‘~kFn)+~FO 
= ckfkw(u) +hFO, 
(8.8) 
where each &Fm is the mth element of the convolution number &kF, and TkFm is empty at 
position m. 
Equation (4.15) is unchanged, and therefore, equation (4.17) now becomes a multiple term 
equation 
ck !&Fm = ?‘OL. (8.9) 
2We use boldface subscript k to indicate the Einstein convention: summation is implied when the index occurs in 
a pair, while a discrete number of separate equations is implied when the subscript occurs singly. This is consistent 
with the use of boldface for vectors. The superscript always has a double meaning; it is also the exponent of the 
variable below, in which case it is written in normal facetype k. The range of the sub-superscript is known from 
the context. 
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8.1.3. The near-singular corner 
Equation (4.18) becomes, at each corner, 
The integral is the sum, instead of equations (4.19) and (4.20), 
‘d = ck (gkF,&&; u) + ‘d-20y x u ’ Tk;tFrn) + G,, (8.11) 
(8.12) 
Comparing equations (8.11) and (5.12) with (A.3.44), we get instead of equation (4.21) the 
condition 
CkgkFm = %77Y7v A b FO, (8.13) 
while equation (4.22) remains the unaltered. If we substitute again e, by equation (A.3.30), we 
arrive at 
CkgFn + ep2 COS %%dFo'hv = 'h&o, (8.14) 
&O + (zF2 cos%/ (?6v + ?7vLG(f; UFO)) - 1) ;/zV = 53" + =Y7vLG(C; UFO), (8.15) 
while equation (4.24) remains the unaltered. We have now two longer rows of a matrix equation, 
instead of equation (4.25) 
Am ck +A13?2V = Tit 
A22 GFO + A23 ?2v = T2, 
(8.16) 
for the unknowns ck, LjFc, +~v. 
8.1.4. Taylor disk 
Equations (4.26) to (4.28) become 
dw 
du = ck (sp + puy x fi(s, - si -t pu)-2ai 
i=l 
where again a recursive computation is used 
s,-pu=u.s, - 
&+I = s * &. 
8.2. Matching of the Functions w 
The matching equations (4.29) are extended to the multiple number of coefficients 
(8.17) 
(8.18) 
(8.19) 
(.fkwr(%) - fkd(sm)> ck + ‘72~~ - 72~1 + WFOW - WFOA = 721~ - 72yT. (8.20) 
The complex matrix equation (4.32) for matching of the w-functions of the polygon now has 
dimensions, using equation (8.2)) 
number of rows k = nc - 1 + nT + ns + 2nNs, 
polygon number of columns 1 = 2nc - 5 + nT + 72s + 2 nNs, 
(8.21) 
which is shown diagrammatically in Table 4. 
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Table 4. w-band matrix. 
This matrix equation is written with the new dimensions, 
For the solution of Q we only need the boundary disks. The Match Table, Section 4.2, must 
correspond accordingly. 
Although equation (8.1) is similar to a SCT, is does not fully specify the w polygon. The 
winding points implied by the zeros of the polynomial are still free at this stage; it is not even 
known how many may lie on the boundary and how many may lie inside and outside the s-disk. 
It is this reason that causes the matching process expressed by the matrix equation above to 
be insufficient to determine the unknown constants. It is manifested by the contribution of 2nc 
columns, with only nc rows. 
Therefore, the matching process is carried on for the functions qv,+ as well. 
8.3. The Functions q 
The functions q. and q+ are still defined as in equation (4.44), and q+ must be determined by 
the same differential equation (4.45). But because the constants that appear in w+ are not yet 
determined, in order to separate the functions w+ explicitly, they must be expressed in terms of 
the unknowns before substitution in equation (4.45). This will again require different treatment 
for the different kinds of corners. 
8.3.1. Regular corner 
Substitution of equation (8.5) into (4.45) for each corner leads us naturally to the hypothesis 
that q+ consists of a sum for each corner 
9+ = Ckqk (8.23) 
with which the differential equation (4.45) becomes 
d9k qk z” 
Qqyqi--- = ckfkwz 
12 
. (8.24) 
With the customary reasoning, the solution becomes the solution of nK independent differential 
equations 
qk Z” dqk 
- = fkw z 
12 
du z’ 1 
(8.25) 
which in terms of Taylor expansions generalizes equation (4.48) to 
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Instead of equation (4.50), we compute the array of convolution constants 
and with the same convolution constant 6 of equation (4.49), we obtain nK ‘Taylor transforms of 
equation (8.26) 
‘81 *i&-i&*i;=&. (8.28) 
Each one of these is solved as in Section 4.3.4, with initial values 
TkO 
qk,, = --. 
bo 
(8.29) 
8.3.2. The singular corner 
F’rom equation (4.16) and (8.11), using equation (8.13), 
W=~OLlogu+~-mX~.(Ck~kwFm)r 
w+ fW-w. 
= c!k (P X &fikwFm) -U- X c'iFm +GFO. 
(8.30) 
(8.31) 
Substitution of equation (8.31) in (8.26) produces 
UXq:-q+XU.~=(CkXU.~kFm-U'iFm)*~~2+(jFOUmXU'~~2. (8.32) 
The Taylor transform of equation (8.32) is 
(8.33) 
Equation (8.33) leads us to the hypothesis that q+ consists of three kinds of Taylor series 
q+ = ckqk +qII +DFO'?IIit 
q+ = ck& + !&I + LfrF0&1. 
(8.34) 
(8.35) 
Equation (8.35) substituted in equation (8.33) produces 
and separating the parts with equal coefficients, is satisfied by the solution of the independent 
differential equations 
(8.37) 
'81 *$I - ?jII d = -iF,,, *zz2 f FI1, (8.38) 
a, * ijlfII - TjIII * 6 = zm * $2 E PIII. (8.39) 
Each one of these is again solved as in Section 4.3.4, with initial values 
TkO 
qk0 = -boy 
mo 
QIIO = --, 
bo 
TIIIO 
cm10 = --. 
bo 
(8.40) 
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8.3.3. The near-singular corner 
Instead of equation (4.41), the equation for w+ is, from equations (4118)-(A.3.44), with equa- 
tions (4.21) and (4.22) satisfied, 
w+ = u lT2~u x U. (cJkFm - ea+Jpm) 
Substituting equation (8.41) into equation (4.45), and multiplying by u, produces 
u 2 - q+tJ . Z$ / 3; = v . (ckTkFm * Z’*2) - U . (ee+JFm * Z’*2) 
Substituting unknown e, by equation (A.3.30), which we write as 
e, = 1 - b+v, 
we obtain the convolution number equation 
where 6 is the constant from equation (4.49). We make the hypothesis 
~+=Ck$c+&I(6%“-1), 
which produces the set of independent differential equations 
Each one of these is again solved as in Section 4.3.4, with initial values 
TkO 
4k? = --> 
bo 
rII0 
qkII0 = --. 
bo 
(8.41) 
(8.42) 
(8.43) 
(8.44) 
(8.45) 
(8.46) 
(8.47) 
(8.48) 
(8.49) 
The corner function for the near-singular corner is the modified one from equation (A.3.32), 
which we will denote here with the subscript E to distinguish it from the one in equation (A.3.23), 
P., = & + e, (?4v6 + ?4v&Gtf; v>) + ?2vC 
= P. + (c - 6 (P. - %“,) +2v 
(8.50) 
(8.51) 
with the constant b from equation (8.43). Therefore, 
4.e = P& 
I 
= q. + 
+ (c-i,@.- 
A33’?2V. 
-^rl”)) z’T2v 
(8.52) 
The total function q is then expressed in terms of the unknowns in the matching matrix by 
q=Ckqk+ &riqII $v+q.+qII. > 
(8.53) 
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8.3.4. Taylor disk 
Substitution of equation (8.18) in (4.63) produces in each Taylor disk 
dq q 2’ 
du z’ = ckfkw + +2/G 
12 --- * 
Equation (8.54) leads to the hypothesis 
q(u) = ckQk(U) + Qo~QII(U) + ?2jdIII(U) (8.55) 
with the Taylor transform in each Taylor disk p 
.’ 
(8.56) 
Substituting equation (8.55) in equation (4.45) produces 
= &fkwd2 + 0 + +z~z’~. (8.57) 
This leads to three separate differential equations, of which the Taylor transforms are 
--I - - -I*2 (8.58) 
(8.59) 
(8.60) 
Equations (8.58) and (8.59) are solved according to Section 4.4. The solution of equation (8.60) 
can be seen to be 
qI*I = F* 2. (8.61) 
The constant qo must be found by matching to adjust the integration constant. Contrary to 
the triangle, in the general case here this constant cannot be determined after the constants ck 
are known. Rather, it becomes an additional unknown constant qor for every Taylor disk /.J in 
the matching of the functions q. 
8.4. Matching of the Functions q 
Similar to the matching equations (8.20) for w, the matching equations for q consist of the 
contributions shown diagrammatically in their matrix positions. The corner functions for the 
regular and singular corners are computed by 
4. = p. z’, (8.62) 
where p. is the appropriate function of equations (3.18)-(3.20). 
If we include all the previous columns, this matrix has one column more than the matching 
matrix for the w-functions. The dimensions are, therefore, 
number of rows q = nc - 1 + no, 
polygon number of columns p = 2nc - 5 + 2nT + ns + 2 nNs, 
(8.63) 
which is shown diagrammatically in Table 5. 
The functions are evaluated at the matching points s,,,, and then a sign is attached according 
to whether the disk occurs in the 1 or r column of the Match Table. 
This matrix equation is written 
pp.pLp. (8.64) 
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Table 5. q-band matrix. 
O-nk 
AA 
nNS 
“,s- 
nN.9 
- “,T 
ck wfi- - - 3FOv- - - I+(+ - - -Yzvu- - - QOp - - - 
QkvlP 
regular 
WIP 
qkv/J’ PIII”IP 
singular 
67.” - 4IIv)IP 
QkvlP 
n-singular 
‘h.” + m)lP 
Qku/P QIII/JP 4IIrlP 
Taylor 
0 
r-1 I-r 
Combining both matrix equations, with an additional empty column in the matrix of equa- 
tion (8.22), we obtain a complex matrix for matching of w-functions and q-functions with dimen- 
sions 
number Of rows m = 2nc - 2 + 2nT + 72.9 + 2 nNS, 
polygon nu?ber of Columns p = 2nc - 5 + 2nT + ‘2s + 2 nNs, 
(8.65) 
which we write 
cJ.P=gY (8.66) 
For any number of corners the matrix always has more rows than columns. There is again some 
redundant information, and the solution is carried out as in Section 4.2.5, by Gauss elimination 
using the largest pivot. Then the compatibility of the dependent rows is checked in the computer 
program. 
Having determined all constants, the complete functions w+ and q+ are computed from their 
sums in equations (8.6), (8.8), (8.11), (8.18), (8.23), (8.35), and (8.46). They are then available 
as single expansions in the form as in equations (4.33) and (4.47). 
No additional matching of the functions q, as for the triangle, is necessary. 
It is interesting to confirm the topology of the roots si of the polynomial %(s) in equation (3.6). 
In the original theory by TreEtz [14], see also [30], it is stated that the coefficients of the polynomial 
in the t-plane are all real. This means that the roots must either lie on the real t-line or they 
must straddle it symmetrically. Therefore, the roots in the s-plane must lie either on the unit 
circle, or they must straddle the unit circle in such a way that they are reflections on each other 
on the unit circle. The latter condition can be expressed for any pair & and Bj 
s,;, = 1. (8.67) 
We used this equation as an accuracy test, although the additional computer effort to find the 
roots is not a necessary part of the solution routine. A root in equation (8.67) may become a 
zero, and its reflection on the circle an oo; i.e., a pair (&--ij) may become a (0-00) pair. That is 
another advantage of the polynomial form in equation (3.6) rather than the product form. 
8.5. Rearranged Computational Sequence 
The equations of the development of the theory in the previous sections follow a logical se- 
quence, but this may not be the most suitable for computation. The number of functions fkw 
and qk that are required for the matrix solution in equation (8.66) is of the order Inc(nc + nT). 
The memory required for the corresponding convolution numbers becomes, therefore, very large. 
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This is avoided by altering the sequence of operations in the computer program. The func- 
tions fkw in Sections 8.1.1-8.1.3 are computed for one single corner only, then the functions qk 
in Sections 8.3.1-8.3.3 for the same corner. The contributions of this corner are entered imme- 
diately in the matrix of Tables 4 and 5, respectively. The loop is then continued for the next 
corner. Similarly, the functions fh in Section 8.1.4 are computed for each Taylor disk only, then 
the functions qk in Section 8.3.4 for the same disk. The contributions of this Taylor disk are 
entered immediately in the matrix. By this method, the number of convolution numbers that is 
required in memory at any one time is only of the order 4nc, if we still keep fku-fUnctiOns and 
qk-functions in separate memory. 
After the constants are determined from the matrix solution, all 2nK functions are computed 
over again and summed immediately with the known constants ck, to a single function w+ for 
each corner, according to equations (8.6), (8.8), and (8.12), and for each Taylor disk according 
to equation (8.18). The now available constants GF~” are added for the corners, and the con- 
stants TgP for the Taylor disks. These complete functions, represented by nc + nT convolution 
numbers, are retained in memory as part of the solution. 
Each corner is now taken in turn and the complete function q+ determined directly from the 
differential equation (4.51) as for the triangle. Similarly, each Taylor disk is taken in turn and the 
differential equation (4.62) is solved. This is now simpler than before because the initial value gap 
is known, and the right function T(U) = V . P is determined from the complete function W(U). 
Therefore, only the particular function is solved, according to equation (4.66), 
90 = 90/A, 
now with the upper limit j - 1. 
(8.68) 
8.6. Integration of w+ in F’robenius Disks 
The functions w+ for each corner are obtained from integration as for the triangle, according 
to equations (4.56) and (4.70). The integration constants of the w-functions are then matched as 
for the triangle, using a Match Array with one column, to obtain a uniform continuous function w 
for the polygon. 
All functions are now determined to compute shear stress on the boundary according to equa- 
tion (2.8), maximum shear stress on each boundary, and the overall maximum shear stress which 
occurs on one of the boundaries. 
The covering of the polygon boundary is also sufficient to compute the torsion stiffness integral 
according to Section 5. 
8.7. Covering of the Inside Polygon Region 
If the shear lines and the shear stress over the complete inside region of the polygon is of 
interest, then the complete covering of the inside region with Taylor disks must be used. This 
can be done afterwards, starting with the corresponding solution of the SCT for these Taylor 
disks. An additional Match Table is set up for the sequence and the points where these Taylor 
disks are matched. 
Starting with the function 2 from equation (8.17), w is determined by a single integration. 
The constant yayzcl is determined from matching with the appropriate known disk according to 
the Match Table. Then the function q is determined again by the differential equation (4.70) by 
solving the particular and homogeneous solutions separately, as in equation (4.64) to (4.67), and 
obtaining the constant from matching as in Section 4.5. The function w is then determined from 
the integral in equation (4.70), and the integration constant from matching. 
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8.8. Torsional Stiffness 
The torsional stiffness is computed without modification with the integrals of Section 5. 
8.9. Results 
Obviously, the infinite shear stresses in concave corners are meaningless for practical applica- 
tions. They may serve as a basis for local approximations of small roundings, of which the first 
attempt was made by Treffti [38], and an alternative estimate is given in Section 11. 
Even for a given number of corners, the general polygon has too many parameters to be able 
to give a finite number of pivotal results. In Figure 10, we present results and graphs of shear 
lines for a random polygon. In this example, the shear stress is theoretically infinite at one or 
another corner of every side, truncated in the graph. The corners at zs and zs are 90”; at zi 
and z4 they are n&u-90”. Relative to the center of area, which is also the origin of coordinates, 
the computed integrals, made dimensionless, are 
Jp = 0.217394, 
A2 
J 
A2 = 0.084106. 
Figure 10. Random polygon cross-section. Sheer lines and boundary shear stress. 
A simpler polygon is given in Figure lla, even though this may be a far-fetched example. The 
shear stress is finite on the two long sides, and computed values are 
finite maximum shear stress s/ a = 0.504201, 
Jp/A2 = 0.399690, 
J/A2 = 0.048886. 
The flatness of this section causes the rigid torsion stiffness to be reduced by 88% due to warping. 
The polynomial Pk(s), equation (3.6), of this section has two real roots on the unit s-circle. 
That means that the w-polygon has a turn of 180’ on two of its sides. This polygon is simple 
enough to be shown in the w-plane, in Figure llb. The six turning points lie on the boundaries, 
only one of them at infinity. The mapped shear lines are also shown, to get a view of the 
topological inside of the polygon. The unit circle is shown by a broken line. From this it 
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(a) Shear lines and boundary shear stress. (b) Mapped shear lines in w-polygon 
Figure 11. Polygon in z- and w-planes 
can be seen that the sides of the w-polygon, or its extensions, are tangent to the unit circle 
according to equation (3.8), on which the theory of determining the coefficients of Trefftz [2] and 
vonKoppenfels and Stallmann [30] is based. 
The polygons that we can analyse with the aid of F’robenius and Taylor series are of the plump 
shape, meaning that the corner points on the s-circle are rather distantly spaced. In this treatise 
we have not yet introduced the Laurent disks which are necessary for more closely spaced corner 
points on the s-circle, which occur for complicated shapes of polygons. 
9. THE CYCLIC m x n-SIDED POLYGON 
9.1. The Cyclic m x n-Sided Polygon 
The cyclic polygon occurs often enough to warrant the saving of computing effort due to the 
cyclic periodicity. To this end, we combine the analysis of Sections 7 and 8 to a more general 
analysis. 
Similar to Section 7, we use a preliminary c-plane for the original SCT and Trefftz integral. In 
this section, we use the notation 
m = number of similar sectors in the C-plane, 
n = number of corners in each sector, 
m x n = total number of corners. 
(9.1) 
(9.2) 
(9.3) 
With these notations, equations (7.1), (7.2), and (7.6) become 
-&.=n-$, 
l/=1 
s = cm, 
d5 l l/m-l 
ds=ms . 
(9.5) 
(9.6) 
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9.2. The Schwarz-Christoffel Mapping for the Cyclic Polygon 
With the transformations above, the cyclic SCT becomes the more general form of [30], 
(9.7) 
9.3. The Function w 
We also expect some roots of the factor Pk(s) in equation (3.6) to be at zero, with their 
reflection at infinity, as was the case in Section 7. Some roots will occur as pairs at finite 
positions, either as reflections on the circle as expressed by equation (8.67), or as pair on two 
different points on the circle. But due to the cyclic symmetry, these pairs must occur at cyclic 
symmetric positions as weI1. Therefore, we denote 
m, = number of roots at zero, (9.8) 
nP = number of pairs of finite roots per sector, (9.9) 
so that the total number of finite roots is m, + 2m x nP. With this notation, equation (8.2) 
becomes 
nK = 2(m x n - 3) (9.10) 
= 2(m, + m x np), (9.11) 
and equation (3.6) becomes 
(9.12) 
From all the roots, the maximum number that can occur as cyclic pairs is 
(9.13) 
For the remaining roots to be cyclic symmetric, they can only be the zero-infinity pairs, and 
nK 
m, = --mxnP 
2 
= m (n - nP) - 3. 
(9.14) 
Generally we cannot express equations (9.13) and (9.14) more explicitly, but for particular cases 
we have the following results: 
m=l: np = n- 3, m, = 0, the general noncyclic polygon, n 2 3, 
n=l: np = 0, m, = m - 3, the regular m-sided polygon, m 2 3, 
m=2, n=2: nP=O, m, = 1, the parallelogram, 
m=2, n22: nP=n-2, m,=l, skew-symmetric polygon, 
m23: np = n- 1, m, = m - 3, cyclic polygon, including the 
regular m x n-sided polygon. 
Switching the products in equation (9.12), and applying the cyclic symmetry, we obtain 
(9.15) 
j=l 
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Transforming equation (9.15) to the circle in the s-plane with equation (9.6), we obtain 
z(S - Sj). (9.16) 
j=l 
The TrefItz integral of equation (3.7) in the s-plane then becomes, using the transformations of 
equations (9.4) to (9.6), 
dW 
’ (m=+l-4/m fjcs - sj) fits - sv)-2a~ 
ds = m” j=l v=l 
= $@k x se fi (s - Sv)-2a,, k = 2np, 
v=l 
2 
e=n-l-n,--, 
m 
(9.17) 
(9.18) 
where k is now different from equation (3.5). The summation notation of equation (8.1) is used. 
The factor l/m is retained so that the magnitude of the coefficients Ck remain invariant under 
different possible alternative arrangements of m and n in m x n > 3. Theoretically, the case m = 1 
is included, but this causes complications in the center Frobenius disk which then turns into a 
Taylor disk; therefore, we will use only m > 2. The regular m-sided polygon’is also included, now 
with the present notation. 
9.4. Bilinear Transformation 
It has been found necessary to apply a bilinear transformation 
s+i T-b r=- 
1+xbs’ 
s=- 
1 - xb.T 
(9.19) 
to the SCT to prevent a crowded spacing of corner points on a new r-circle; see [32]. Renaming 
the plane of the circle s again, the transformed SCT and Trefftz integral become 
I=J(s-6)a(1-hs)a~(s-sSv)au-1ds, a=l-l, 
dw 1 -= 
ds 
,&skx (~-b)~(l-is)~~(s-s~)-~~~, k=:,. 
(9.20) 
(9.21) 
The arrangement of the factor 1 - g s is chosen to include 6 = 0. But this also means that 
care must be taken to use the correct sheet of the Riemann plane in evaluating the fractional 
exponent, because the slit in the plane of the function 1 - z s is not the same as the slit in the 
s-plane. 
The root pairs of w are now reflected on the circle in the s-plane along arcs of the familiar 
source and sink streamlines. A zero-infinity pair in the C-plane becomes a h - l/i pair in the 
s-plane. 
A typical cyclic polygon is shown in Figure 12a, with shear lines. The F’robenius and Taylor 
convergence disks in the s-plane for the analysis of this example are shown in Figure 12b. 
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(a) Cross-section with shear lines. (b) Convergence disks 
Figure 12. Cyclic polygon cross-section. 
9.5. The Functions w 
The integration of equation (9.21) in the different disks follows a slightly different formula as 
in the general polygon of Section 8.1. A F’robenius disk is required at the internal point &, but we 
never use a disk around the external point xb, although that point contributes to the limitation 
of the convergence radii. We denote the number of Frobenius disks by 
K=n+l, 
and treat the disk Y = )E like a corner point, 
s, = 6. 
(9.22) 
(9.23) 
Therefore, equation (9.21) becomes in a more general notation 
dw 
-&Sk x 
ds=m 
(9.24) 
e, =‘-2aV, for v 5 n, 
2 
e,=n-l-n,---, for v = IC. 
m 
9.5.1. The regular corner 
In any one F’robenius disk V, equation (9.24) becomes, with the usual transformation of equa- 
tion (4.2), 
dw 
- fq&” - pu)kpl+eQLe~ 
X-m 
1 - is, - xbpu 
> i#V (9.25) 
Then the analysis is continued as in Section 8.1.1. However, the interpretation of equation (8.6) 
for the center F’robenius disk 
W=W.+W+=Ckfkwn(u)+%?n (9.26) 
is now different, because no corner function w. is defined for the center disk. The proper inter- 
pretation is discussed in Section 9.7.1. 
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9.5.2. The singular corner 
The equations of Section 8.1.2 are not changed at all because the center disk with exponent 0 
or l/m never becomes a near-singular case. The fraction l/m is not visible because it is included 
in the convolution number ijk. The number m still has the same meaning as in that section. 
9.5.3. The near-singular corner 
The equations of Section 8.1.3 are similarly not changed at all because the center disk with 
exponent 0 or l/m never becomes a near-singular case. 
9.5.4. Taylor disk 
Equation (8.17) is replaced by 
dw _ = ;q& + pu)k x fi(sp - si + PV 
du 
i=l (9.27) 
while the following equations in Section 8.1.4 remain unchanged. 
9.6. Matching of the Functions w 
The matching of the w functions is carried out as for the general polygon in Section 8.2 in the 
upper band of a matching matrix of equation (8.22). 
Since the equivalent of a corner function w. in the center disk is not known, we simply interpret 
equation (9.26) the other way round, letting the integration constant TzK be an unknown quantity, 
to be determined by matching, similar to the Taylor disk constants 9~~. Therefore, one column in 
the matching matrix in Table 4 is added, appropriately to the partition for Taylor constants 5~~. 
9.7. The F’unctions q 
Similar to the general polygon in Section 8.3, the matching of the functions q will be used in 
the lower band of the matching matrix to obtain enough equations to determine the constants Q. 
9.7.1. Regular corner 
The regular corners are treated with the equations in Section 8.3.1. However, the center disk 
again proves to be an exception. Starting from the implied assumption of equation (9.26), 
d2w ^ 
p =a =72n, 
we immediately have the integral % = p. = Trn + +J,+ But due to the symmetry of any cyclic 
polygon, the function w must have a stationary value at the center, considering that a complex 
derivative is determined by only two directions. Therefore, at z = 0 we must have 2 = 0, from 
which follows that the constant ;Vr& is zero, 
This, of course, only applies to m > 1. We have now the equivalent of a corner function w., 
and p., for the center disk F,. We assume a function qn that satisfies the differential equa- 
tion (4.42) 
\  I  
dr” 
q’ - qdz’ = w.z’2 = w+P + +?&, 
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which is split as before into 
The function q. is the equivalent of 4111 in the Taylor disks in equation (8.60), with the solution 
q. = ~~?n.z.z’. (9.33) 
The function q+ must satisfy the differential equation obtained by substituting equation (4.46) 
in the differential equation (9.31), and using the power exponents of equations (9.20) and (9.24), 
which produces 
u x q; - q+ x u. 2?;/+ = trnp-l x u. T&7 * F$“. 
We have now the situation that 
(9.34) 
for m = 1 : n - np -1=2, (9.35) 
for m = 2 : n-nP--111, (9.36) 
for m 1 3 : n-7+-1=0. (9.37) 
Using again the sum of equation (8.23) in Section 8.3.1, we obtain a modification of equation (8.26) 
for each component 
for m = 1 : uxv.~i,-v.7ik*F~/F’F=IL.~kwF*~2*2~2, (9.38) 
for m = 2 : uXU.Tlj,--U.~kk*~I~~=U.fkwF*~1*F~2, (9.39) 
for m => 3 : uxv.~l,-v.7ik*~~/ZIF=U.~kwF*~~2. (9.40) 
Although equation (9.38) can be solved, we do not use the special case of m in this section. Equa- 
tion (9.40) is the same as equation (8.26), and the only remaining exception is equation (9.39). 
The transformed convolution equation for both cases is the same as equation (8.28), but the 
right convolution number becomes 
for m = 2 : Fk =U’&& *& *fF2, (9.41) 
for m => 3 : ;i;k =u’&&*t$2. (9.42) 
9.7.2. The singular corner 
The equations of Section 8.3.2 apply unchanged. 
9.7.3. The near-singular corner 
The equations of Section 8.3.3 apply unchanged. 
9.7.4. Taylor disk 
The equations of Section 8.3.4 apply unchanged. 
9.8. Matching of the Functions q 
The matching of the functions q is done as in Section 8.4, but now with the addition of the 
contribution of the center disk. The equation for the function value w, at the matching point is 
w(h) = Ckfwk(%n) + $26, (9.43) 
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and the equation for the function value qn at the matching point is 
q(Sm) = CkQkh) +?2KZh%dZ%tii 
from which the values are entered in the matrix columns for the unknown constants ck and 3~~. 
Including the center disk, the complex matrix dimensions are 
number of rows = 2nc + 2nT + ns + 2 nNs, 
cyclic polygon number of columns = 2n, + 2 + 2nT + 12s + 2 nNs. 
(9.45) 
With the numbers nP given in Section 9.3, we find the difference in matrix dimensions 
for m = 1 : nrow - nd = 4, (9.46) 
for m = 2 : nrow - nd = 2, (9.47) 
for m 2 3 : nrow - ncol = 0, (9.48) 
which means that for both cases m = 2 and m 2 3 we have enough equations to determine the 
constants. 
Once the constants are known, we compute the complete functions w and q over again as 
described in Section 8.5. 
The coefficients ck change under the bilinear transformation. The invariant quantities in the 
matrix balancing equations are C&Qk, Qeqk, and ~2~. 
9.9. The Functions w 
The functions w are now determined by integration as in equations (4.56) and (4.70). The 
Taylor integration constants are determined from matching as in equation (4.71). The Frobenius 
functions w+ have no integration constants, but again there is an exception for the center disk. 
If we allocate the integration constant to the function w., then the integral of equation (9.29) is 
1 
W.K = Ton + --?2KZ2, 2 
but the constant ^fon is still unknown. Therefore, unlike the corner F’robenius functions, the 
constant for the center must be determined by matching from the equation 
w+,(%n) +-Ion = w(%d, 
where w(s,,,) must be determined from a known disk. This means that the Match Table in which 
the order of disks is written in which they are matched may not start with, the center disk, but 
conveniently with F’robenius disk 1. 
Thii concludes the computation of the complex shear function in the cyclic polygon. 
9.10. Torsional Stiffness 
The torsional stiffness is computed with the integrals of Section 5, where the integration path 
is taken over one cycle only, which is one full circumference of the s-circle. The result is then 
multiplied by the number of cycles m. 
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9.11. Results 
In Figure 13, the roots of w in the C-plane for the cross-section shown in thin outline are shown, 
to demonstrate equation (9.13) and (9.14). Of the three pairs in one sector, one is straddled over 
the circle and two lie on the circle. Two roots lie at zero and two at infinity. 
Figure 13. Cyclic polygon cross-section. Zeros in w-plane of cross-section in thin 
outline. m = 5, n = 4, n, = 3, m, = 2, total number of roots = 34. 
The result of an analysis of three-cycle polygon cross-section is shown in Figure 14, with the 
shear stress on the boundary of one sector plotted. Where the shear stress is theoretically infinite, 
the graph is cut off with a cap at a finite value. This example is chosen to show how the shear 
stress on one side can have a local maximum even if the shear at the corners is theoretically 
infinite. This is due to the fact that the singularity becomes weaker as the corner angle becomes 
flatter. 
F&we 14. Cyclic polygon cross-section. Shear lines and boundary shear with local 
maximum on one side. 
The shear lines of almost one half of a polygon with 15 cycles are shown in Figure 15. The 
shear stress on the boundary of one sector is shown. Between the teeth there is a minimum. 
As we cannot think of any standard cyclic polygons, we list the results of the three examples in 
this section in Table 6. The tooth dimensions are given as coordinates measured from a centerline. 
For comparison, the rigid geometrical cross-section moment of inertia Js is also listed. 
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Figure 15. Shear lines in first seven sectors of 16cycle polygon. Shear stress at third 
sector. 
9.12. Remarks 
Xl 
Vl 
24 
v4 
tooth height 
tooth slope 
Jo 
3 
J 
2 
msx / min 
*p 
Table 6. Cyclic polygon torsion. 
side 2 - 3 
side 4 - 1 
Figure 12 Figure 14 Figure 15 
0.2874 0.3690 0.09165 
0.9578 0.9294 0.99579 
-0.2874 -0.3690 -0.09165 
0.9578 0.9294 0.99579 
0.2394 0.3630 0.07205 
900 950 900 
0.16709 0.18802 0.15995 
0.13024 0.11540 0.14830 
0.36513 0.36355 0.28438 
0.66369 0.65811 0.63962 
When the number of cycles m is large, the mapping of the wedge shape in the inner region 
of the z-plane on the s-plane becomes ill-conditioned, as :already mentioned in Section 7.8. In 
that case it may be advantageous to transform only the inner Frobenius disk F, back onto the 
C-plane, and then transform ‘w(s) to w(C). In fact, this was found to be necessary to plot the 
inner shear lines in Figure 15. 
10. REVERSION 
It is of considerable interest to have the function w and its derivatives, p and w, as defined by 
equations (2.9), (3.14), and (3.3), respectively, directly in terms of the physical variable z. In fact, 
the corner functions w., p., and w. were defined in this manner in Appendix A. At this stage of 
the analysis, the functions w+(z), p+(z), and W+(Z) can be obtained from the previous results 
by reversion of Z(U) to U(Z), and then substitution of U(Z) into w+(u), p+(u), and w+(u). As will 
be seen, this process is valid separately in each Frobenius convergence disk only. Similarly, the 
complete functions w(z), p(z), and w(z) can be obtained in the Taylor disks. 
We apply this method particularly to the general polygon of Section 8, starting with the SCT 
in Section 4. 
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10.1. Determination of w(z) in Taylor Disks 
Write equation (4.5) 
z-zp~~p=~*zl, (10.1) 
where the leading element of Zr is zero. Therefore, the reversion and substitution of almost-unit 
series can be applied, which is an exact method, as explained in Appendix B. Normalize the series 
in equation (10.1) 
t-&U.&. 
Zl - 
(10.2) 
Reversion produces, by the process described in detail in Appendix B, 
u=T.?iil. - (10.3) 
Substitute equation (10.3) in equation (4.70), as detailed in Appendix B, to obtain 
w =T.TiP, (10.4) 
where ?ijt includes the constant we of 8. We can similarly substitute u from equation (10.3) into 
equations (4.72) and (4.34), respectively, to obtain p(t) and w(t), but actually we determined 
them simply by differentiation. Since we used Taylor series lengths of 20 to 30 terms, hardly any 
accuracy is lost. Therefore, 
(10.5) 
where the new superscripts are used to distinguish the new series as functions of t from the 
original ones as functions of u; see Appendix B. Similarly, we determine 
w(t) = z. d. (10.6) 
The somewhat elaborate notation is used to simplify the more complicated operations in the 
J?robenius disks. 
10.2. Determination of w+(z) in Frobenius Disks 
The function z - zV E & in equation (4.3) is not a Taylor series and a direct reversion is not 
possible. But in the meantime, normalize first 
C” - = .p” x u.zlF, 
ZFO 
where ZFc is the zero element of ZF. To obtain a Taylor series, transform 
-*l/a, =uXl.J.ZIF 
which is now an almost-unit series. Reversion produces 
u=T.&. 
We can now substitute u(t) from equation (10.10) in equation (4.56) to obtain 
(10.7) 
(10.8) 
(10.9) 
(10.10) 
(10.11) w+ =pzi;. 
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The complete function w in the Frobenius disks is then, according to equation (3.10), 
w=w.+w+=w.(z)+T.G~. (10.12) 
This analysis is valid for all three types of corners, because the difference of singularities occurs 
only in w.. 
From the above, it is clear that it is not possible to express w+ as Taylor series of the variable t 
at the corners. The exact analytic form is a Taylor series in the variable t. We have thus come 
full circle, because t is the same variable t of the Appendix A, except for a rotation, and the terms 
w+k tk are the null functions of equation (A.1.21). Expressed differently, w+ is a Taylor series 
only in a plane which is a mapping of the corner on a straight line. An exception is the right 
angle, where t is an exact quadratic of z at the corner. But on this corner again, the function w. 
is not a function of powers of z, although the singularity is quite weak. 
In finite difference or finite elements applications, these transformations may be useful to give 
better approximations than simple polynomials of z. 
The function p+ is again determined by the derivative of equation (lO.ll), 
dw+ dw+ dt -=-- P+ = dz dt dz 
t1-h 
=r.Q+-- 
wF0 
= tl- x T. jj+F. 
(10.13) 
(10.14) 
The analytic form of p+(z) is, therefore, a Frobenius series in the variable t(z). Similarly, further 
differentiation produces 
*+E$+p~FiEz 
WFO (10.15) 
= t1-2av x r. Tj+F, 
which is again a Frobenius series in the variable t(z). 
10.3. Results 
As an example, we present the solution of a polygon cross-section on which the reversion was 
applied. We start with the numerical convergence disks in Figure 16. After SCT, the convergence 
disks mapped on the t-plane are shown in Figure 17a. Of course these are not circles any more. 
But the true convergence disks of the reversed series must be circles in the z-plane. Therefore, we 
replace the mapped disks again by true circular disks in the z-plane, with numerical disk radius, 
shown in Figure 17b. The numerical convergence disks represent boundaries of certain accuracy 
of the truncated series, but without such an error analysis we cannot determine the disks in any 
other way. In this case, accuracy is high due to the large overlapping regions, which means that 
we actually use much smaller numbers of < than the radius of the numerical convergence disks. 
The analysis was carried out as in Section 8, and then the function w was reversed in each disk 
and differentiated, according to the analysis above. The shear lines and the boundary stresses 
were then computed from the reverse functions, shown in Figure 18, where the graph at the 
infinite shear is truncated. The maximum shear stress on each side was also computed, indicated 
in Figure 18. Note that the center of the bubble does not lie at the origin, which was taken as 
the area center. We found no loss of accuracy due to the reversion; the maximum shear values 
agreed with the original method in Section 8 within six digits. 
Of course, Figure 18 cannot show the difference between the modes of computation. Therefore, 
by way of an example we list the coefficients P+ and ?i$ for the corner zi in Table Bl in 
Appendix B, where dimensions and stresses are also listed. 
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Figure 16. Convergence disks in s-plane. 
(4 (b) 
Figure 17. Convergence disks in z-plane. 
11. MODIFICATIONS BY APPROXIMATION 
WITH FOURIER ANALYSIS 
We start out by pointing out that in contrast to all the previous sections, the analysis in this 
section is an approximate one. The purpose is to show how the simple tool of discrete Fourier 
analysis can be applied to obtain results for some useful practical modifications. 
In the first example, the shear stress and torsional stiffness of a polygon with a circular hole is 
determined. In the second example, the effect of rounding of corners is estimated. 
11.1. Polygon with a Hole 
Any region bounded by a shear line is a torsion cross-section, in as much the boundary values 
of equation (2.7) are satisfied, where instead of zero in equation (2.3) any constant will satisfy 
the same boundary conditions. Any inner region bounded by a shear line can be taken out and 
leaves us with a valid solution of a hollow cross-section within the polygon. But if the shape of 
the inner region is prescribed, an additional analysis will have to be applied. The simplest case, 
a circular hole, is treated here. 
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Figure 18. Shear lines and boundary shear. 
Figure 19a shows a polygon cross-section, in which the shear lines and stress on the boundaries 
are shown, obtained from the theory in Section 8. An internal circular region is marked out, 
which is to be removed. 
(a) Full polygon. (b) Polygon with a hole. 
Figure 19. Shear lines and boundary stress of polygon. 
The hole, with radius TH, produces a perturbation shear function &, which must be subtracted 
from the stress function of equation (2.5), so that for the polygon with the hole the perturbed 
stress function is3 
\kh = -$ (2 + y2) + * - $‘p. (11.1) 
Let us denote the circular inner boundary by A. The boundary condition in equation (2.7) 
must still be satisfied, but now by the new stress function \kh. Therefore, the boundary values 
for the perturbation shear function &, become 
(11.2) 
(11.3) 
31t seems appropriate that a perturbation of a hole is subtracted. 
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The SC mapping of the polygon on the s-plane will produce a mapping of the hole into an 
internal near-circular shape. Thii again is mapped conformally on a new r-plane, such that the 
unit circle remains a unit circle, and the inner hole becomes a centered circular shape in the 
r-plane again, with radius p. This mapping problem is not more difficult to obtain than that of 
a singly connected region because the outer boundary is already a circle. Let this mapping be 
formally 
s = fs(r). (11.4) 
The approximation is that only a discrete number of points is used to arrive at equation (11.4). 
The concentric annulus in the r-plane is a suitable region in which the perturbation function 
is determined by a Laurent series. The first boundary condition, equation (11.2), is satisfied 
identically if we choose a complex torsion perturbation function wP, which is a Laurent series of 
the form 
2, wp = &rk - - 
l-k 
(11.5) 
with the complex coefficients 
$ = ak + ibk. (11.6) 
Following the customary discrete Fourier analysis, an even number of points n is taken at 
equidistant intervals on the inner. circle in the r-plane. The corresponding points in the s-plane 
are determined from the reverse of equation (11.4), and then in the z-plane from equation (3.2). 
This is the second approximation. At these points the values of Oi are measured from the known 
solution w of the original full polygon. These values of Q are now expressed as a Fourier series 
by the real part of wP of equation (11.5) as 
\k~i = *hA + Uk (-$+~k)coskt$+bk(-+-~k)sink&. (11.7) 
Equation (11.7) is an n x n matrix equation to solve the n unknowns, consisting of 9r, n/2 
coefficients ok, and n/2 - 1 coefficients bk. 
With the determined coefficients from equation (11.7), the perturbed shear lines are shown in 
Figure 19b. The inner shear line can be seen to be a circle; the actual circle radius does not 
deviate more than 7 x 10e4, where we have taken n = 20. The corresponding perturbed shear 
stress on the outer and inner boundary is also shown. 
To determine the corresponding torsion stiffness, the perturbation part must be subtracted 
from equation (2.13). This again consists of a rigid rotation part of the area of the hole 
JPP = JJ (x2 -t y2) dx dy = ;r$, (11.8) 
where we have taken the origin of coordinates at the center of the hole. The warping part is the 
integral over the area of the polygon between the boundaries of equation (2.14), but expressed 
by equation (5.3) 
Jup = - J h (n,m - nyxr) db + J 4~ (n,yA - n&d dh (11.9) 
E Jwpr - Jwp~. (11.10) 
At this stage it is important that the origin of coordinates is at the center of the hole. The 
factor in the second integral then becomes zero. This produces the interesting result that the 
perturbation of the torsional stiffness due to the warping function stems entirely from the integral 
on the outer polygon boundary, Jwpr. 
368 W. C. HASSENPFLUG 
We have computed the integral Jwpr by numerical integration. Any attempt to develop a 
convolution number solution similar to Section 5.5 becomes very complicated due to the trans- 
formation of equation (11.4). It is also inconsistent to develop an analytical formula for an 
approximated function. Convolution number algebra is efficient for functions in a complex plane. 
But for the integration of a single integral value along a single line it requires so much more 
effort and is not more accurate than numerical integration, as has been found in a recent study.4 
Furthermore, the perturbation integral is only of l/100 of the order of the total torsion stiffness, 
and therefore, we can tolerate 100 times less accuracy in its computation. 
The results of this example are listed in Appendix C.l. 
11.2. Rounding of Corners 
If any polygon cross-section in a concave corner, as corner 4 in Figure 19, is used, then the the- 
oretical infinite shear stress must be moderated by rounding. Therefore, to render the theoretical 
results useful, we give an approximate method to compute the effect of rounding. 
An approximate method was already given by Trefftz [38], using a local generalized Schwarz- 
Christoffel mapping of a circular arc within straight lines. Trefftz only considered the maximum 
shear stress in the rounding, and has not needed to give any indication of which region of the 
polygon should actually be replaced by the approximation. 
In our method, we choose a circular region with radius p around the corner which is to be 
replaced by the approximation. This sector is punched out and replaced by a curved semidisk, 
as shown by a dotted line in Figure 20a. We define a curved semidisk as two circular arcs that 
meet at right angles. The center of the circular region is at the corner. The free edge of the 
replacement disk has the desired rounding radius r. The disk radius is then 
T 
’ = tan(oc,/2) 
(11.11) 
(a) Shear lines. Thin lines = polygon shear lines. (b) Shear stress along disk. Full lines = shear stress on 
Thick lines = replacement disk shear lines. polygon. Broken lines = shear stress on replacement 
disk. 
Figure 20. Inserted disk for rounding of concave 90’ corner, radius T = 0.15. 
On the curved semidisk we solve the boundary value problem to match the shear lines at the 
intersection. As can be seen in Figure 20a, the shear lines have a discontinuous gradient at their 
joint, so that the shear stress is actually discontinuous. This discontinuity does not vanish as the 
radius goes to zero, because the rounding radius T and disk radius p remain in a fixed ratio for a 
41n preparation 
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given corner angle. For this reason we call our method an estimate rather than an approximation, 
a distinction which was not made at the time of TreEtz’s writing, simply because due’to the lack 
of computing facilities an approximation was often an estimate. In a practical s.ituation, the 
required radius is determined by the shear stress that can be tolerated, and we must be satisfied 
afterwards with the accuracy of the estimate. 
It can be seen from Figure 20a that on the corner of the curved semidisk, the old and the 
replaced shear lines have the same gradient, so that the boundary stress is actually continuous, 
because the corner of the semidisk is a right angle. 
The approximation that we make now is to take n,. discrete sample points for the matching 
analysis, which are shown by the dots on the arc in Figure 20a. The plane of the corner with 
origin at the corner is the C-plane. We denote the center of the rounding arc by the point in local 
coordinates <e = ‘& + Zns. 
Now we map the curved semidisk conformally on a unit straight semidisk in the t-plane by a 
bilinear mapping, such that the curved edge becomes the straight diameter on the real t-axis. 
The parameters of the mapping are determined by the geometry; we indicate it here only by a 
function, and its reverse, 
t = h/c(C)1 c = fc/tW (11.12) 
In the t-plane we select the n,. equidistant sample points i at 
ti = ew 7%. . 
These points are mapped back on the C-plane, 
(11.13) 
ci = f&i). (11.14) 
These are the points marked in Figure 20a, where they are not equidistant, and on these points 
the shear stress function values qi are computed from the solution, by Section 7 in this case. But 
for this purpose, we let the local value of the particular solution be 
*I- = -5 (t2 + q2) ) (11.15) 
which means that we also have a local corner position coordinate Z, = 0. All the large terms of the 
functions Qr and w. then vanish. The result is that although the sample points may be spaced 
minutely close in the C-plane, local values can be computed accurately within the Frobenius disk 
due to the solution in local coordinates, by equations (4.3), (4.56), and w. by the appropriate 
one from (3.18), (3.19), or (3.20). Although the part w+ must be solved from equation (4.56) 
iteratively, this is no problem near the corner if done entirely in local coordinates. Alternatively, 
the reversed functions of equations (10.10) and (10.11) may be used. At this stage we have the 
boundary values \ki to be satisfied at the sample points of the semidisk in the t-plane. 
Now we postulate that the replacement solution in the curved semidisk, in the c-plane, must 
satisfy the proper differential equation (2.2) for the torsion problem, and also the proper boundary 
condition of equation (2.3). This means that locally the value \kr = 0 occurs on the rounding 
edge of the semidisk only. The particular solution is also chosen in local coordinates, 
9, = -f ((C - &J2 + (77 - md2) + $2. (11.16) 
This is where our method differs in principle from Trefftz’s approximation. Trefftz used the 
old particular function of the corner, and his approximation consisted of neglecting the difference 
between the zero value in the corner and the deviation at the rounding. 
The remaining harmonic shear function in the curved semidisk is 
II, = * - QT, (11.17) 
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with the boundary values at the sample points i 
4t = *i - *r,ir (11.18) 
and the value zero on the curved boundary. The harmonic function can be solved in the confor- 
mally mapped semidisk in the t-plane. 
The solution of II, in the t-plane is obtained in the form of a.h&lf-range Fourier sine series, 
perhaps best known from thin airfoil theory, 
k=l 
(11.19) 
which satisfies the zero value on the diameter 0 = 0 and 6’ = r identically. The half-range Fourier 
analysis is made in the customary way on the n, = n, - 1 sample points where $J # 0. The 
augmented complex shear function is a null-function in the t-plane as in equation (A.I.21). 
We have now the replacement function Q in the curved semidisk completely available in the 
parameter t. With this result the replacement shear lines were plotted in Figure 20a. The local 
shear stress can be computed from equations (2.8), and using the derivatives of the transforma- 
tions of equation (11.12). 
An example of the shear stress in the rounded convex corner is shown in Figure 21. In this 
figure, the polygon stress and the replacement stress on the circular cut are shown. The largest 
deviation occurs in the furthest point inside. It was computed as error relative to the largest 
stress at the center of the rounding, and varied from 10.3% at r = 0.25, to an asymptotic value of 
10.8% at r = 0.001. This is, therefore, the error in our whole estimate computation at an inside 
corner of 90”. The discontinuity on the boundary is entirely due to the discrete approximation, 
also called aliasing in digital spectrum analysis; we have taken only eight sample points. This 
error is reduced to 0.1% when n, = 64. But that does not remove the discontinuity inside. 
Therefore, we purposely leave the discontinuity visible so that it does not mask the fact that 
there is a finite error inside. 
The shear stress on the rounded surface has a maximum value at the center of the rounding 
in the case of a polygon which is symmetric around this corner, and very near the center if the 
(a) Shear lines. Thin lines = polygon shear lines. (b) Shear stress along disk. Full lines = shear stress on 
Thick lines = replacement disk shear lines. polygon. Broken lines = shear stress on replacement 
disk. 
Figure 21. Inserted dlsk for rounding of convex 45’ corner, radius T = 0.25. 
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Vonioppenfels and Stallmann [30, (13.4.15), p. 1541 define constants yi which are integration 
constants of the three integrations from & to w, which we assign separately to each regular 
corner with local coordinates by defining the constants in equations (A.2.3) to (A.2.4)? 
J dw.v w.vdC = d(' = ?I" +?2vC, (A.2.7) 
JJ w.v d< dC = w.v = ^lov + %C + 32~6~. 
We emphasize by notation that 70~ is real because its arbitrary imaginary part is set to zero. 
Again, the total complex shear function consists of the basic function w. plus any null function. 
From the mapping of the corner in the C-plane from the t-axis by 
c = P, t zz p, (A.2.8) 
it can be seen that the null functions cause singularities in the C-plane except for special cases. 
One such special case is the null function iblt for CK” = r 13, which occurs in the equilateral 
triangle, and which is the only known polygon where the function Q has no singularities in the 
z-plane. 
Several examples of regular corners are shown in the following figures, from acute angles to 
concave corners. Figure 26a shows the equilateral triangle. 
To create a curved boundary tangent to a corner, other than null functions must be part of the 
complex shear function, which are the functions okt k. Such an example is shown in Figure 26b, 
which is not a true polygon corner any more. 
A corner with obtuse included angle is shown in Figure 26~. In Figure 26d, it is shown how 
a null-function can create a shear boundary with a straight line, equivalent to a “corner” with 
included angle IX, = 7~. Concave corners are shown in Figures 26e and 26f. 
The ultimate concave corner that is possible in three-dimensional space has an included angle 
of 360°, as shown in Figure 26g. Even more concave corners are mathematically possible, also 
called winding points, where the internal constant-9 > 0 lines are possible physical boundaries, 
shown in thicker lines in Figure 26h. Of course, if we continue this, we meet the next right angle 
corner at CQ, = (5/2)7r! 
We also note that the gradient of 9 in the corner becomes infinite for X, > r, and that the 
infinity is contributed by the null function. 
A.3. Near-Right Angle Corner: Near-Singular Corner 
For the following discussion, we turn the v-axes symmetrically to a corner as in Figure 25b, 
such that leg 1 has the orientation e-sau/2 and leg 2 has the orientation eio(,12, as shown by the 
dotted outline in Figure 27a. To distinguish this particular orientation from the general, we call 
these local axes v, 
2, = 21, + iv, = e-wY+42) c E 6, (-, (A.3.1) 
with a complex rotation number 
& = ,-i(P,+a,P) (A.3.2) 
‘Our subscripts are not the same as in [30]. 
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12. GENERAL REMARKS 
12.1. Analogies 
Within the context of this treatise it is paradoxical that the solution of the differential equa- 
tion (2.2) is applicable to finite values except for the torsion problem, where it is correct only for 
infinitesimal values. 
It is interesting what happens to the infinities in the different analogies. In practice, infinities 
are reduced by minute rounding, yet very large values remain. In the torsion case, infinite stresses 
are relieved in malleable materials by plastic flow. However, in hardened surfaces they lead to 
fracture if applied repeatedly. In extremely brittle material, they lead to fracture at small loads, 
which is the principle of the glass cutter. In the heat analogy, the infinities cannot be sustained 
by the assumed boundary conditions. The hydrodynamic analogy of laminar flow is only valid 
for small enough Reynolds numbers. But we have found no answer to what happens at the sharp 
internal corner. The large velocity gradient will probably produce a local turbulent boundary 
layer, within which different governing equations apply to the laminar sublayer. 
12.2. Accuracy and Verification 
Computations were made on a PC computer, using Microsoft(R) QuickBASIC Version 4.0 in 
DOS 5. Single precision was used throughout, which is equivalent to approximately 7 l/2 digits. 
The convolution number length was mostly 20, sometimes 30. Comparison with different lengths 
leads to the conclusion that accuracy of shear values is mostly six digits or more. In some cases, 
the pivot element in the solution of the matrix equation indicated a smaller accuracy, when 
shallow angles were involved, and therefore, the results in the tables are given with fewer digits. 
The computation of w was less accurate, and the test of equation (3.8) was accurate to only 
0.9997 in difficult cases. 
Verification was made along stepping stones. Triangle results were compared with analytic 
or published results. Rectangle solutions were compared with the Fourier series computations. 
The general polygon program, Section 8, was tested by computing the previous results, and 
furthermore, the published results of the regular polygon by Tsumura [27]. The regular polygon 
program, Section 7, was tested by comparing with results from the previous section. The program 
for the cyclic polygon was tested by computing the same polygon with Section 8 for a smaller 
number of sides. Furthermore, cases were compared with different products’of m x n for the same 
polygon. 
13. CONCLUSION 
The Trefftz integral was solved by the same routine that was developed for the Schwarz- 
Christoffel transformation, based on a differential equation that maps a polygon on the unit 
circle in the s-plane. The s-plane is covered by convergence disks in which the function Z(S) is 
expressed as fiobenius or as Taylor series. The function w of the Trefftz integral is expressed 
in similar series in the same convergence disks. Further integration of w was accomplished by 
splitting it into two parts, one in the variable t and the other in the variable s. Only the part in 
the variable s had to be integrated further, and it is expressed as Taylor series in every disk. 
It is, therefore, very convenient that the convergence disks of the Schwarz-Christoffel and the 
aefftz integrals are the same. This is fortunately not altered by the polynomial factor Pk; the 
corresponding winding points in the w-plane are not singularities of the mapping in the s-plane. 
We have described the complete method, but not the complete theory. For example, we have 
not given any theoretical proof of the rank of the matrices in equations (4.32) and (8.64). The 
derived equations for the near-singular corner in Section 5.3 include the exact singular corner, 
and therefore, the equations in Section 5.2 are redundant. 
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It seems to us that in the future, the complicated details of the particular functions in the so- 
lution method may be avoided by a different approach to the description of a function. We would 
need to define a new function for J u”: du that is continuous with respect to the parameter c(, as 
well ss a standard series form for such a function. 
The method of Treiftz’s integral is the only known analytic solution of the boundary problem 
of equation (2.2) with polygon boundary. That is, we regard Fourier methods, either direct in 
the z-plane, or indirect in the s-plane, only as approximations. Although they may be good 
approximations, they still only represent a class CN function with small finite N, depending on 
the effort to remove corner singularities. 
It is the presence of the singularities within the region of interest that makes the analytical 
analysis rather complicated. On the other hand, any singularities, or at least their close proximity, 
are the causes that make the application of general methods unreliable, as in the case of the 
method of Muskhelishvili [4,18]. 
There are two outstanding critical characteristics of the method. 
(1) The method suffers from the crowding problem of the Schwarz-Christoffel transformation. 
Any much elongated shapes, particularly rolled structural steel sections, cannot be com- 
puted yet. This is a common problem of conformal mapping (see [39]), and therefore, 
this also applies to Fourier methods in the s-plane. Complete usefulness can only be es- 
tablished if somehow the conformal mapping crowding problem is solved. The greatest 
deficiency in the present treatise is that we have not used Laurent series yet. We believe, 
however, that would only be really useful after the crowding problem is solved. 
(2) The method is very rigid in as much as the whole effort is applicable to the straight-sided 
polygon only. For practical purposes, a Fourier method with efficient corner removers 
would, therefore, be superior, as it could handle any curved boundary with corners. The 
complexity of the solution method is due to the exact treatment of the singularities, which 
is like a personal characteristic of an analytic problem. What could be only a “slight” 
difference in numerical treatment may cause a completely different exact analytic analysis. 
But in spite of this complexity it can be done, 70 years after Sokolnikoff’s remark [23]. 
APPENDIX A 
THE SINGLE CORNER FUNCTIONS 
A.l. Right Angle Corner 
A.l.l. Convex right angle corner 
Let a right angle corner of the cross-section polygon be positioned at z,, which is a complex 
number i, in explicit notation. We use a local coordinate variable 
<=2-z”. (A.l.l) 
We call the two adjacent sides leg 1 and leg 2, and assume initially that the real ~-axis is aligned 
with leg 1; see Figure 23a. The mapping of the region near the corner from the upper half of the 
t-plane is given by 
c = p/2, t =c2. (A.1.2) 
In terms of local coordinates, equation (2.4) becomes 
and the boundary conditions of equation (2.7) become 
(A.1.3) 
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(a) Convex right angle corner. (b) Concave right angle corner. 
Figure 23. Right angle corner. 
where &, = 0 on leg 1 and $ = 0 on leg 2. Considering the three terms of the boundary condition, 
the first is satisfied by the constant function 
to.0 = ; (XZ + y;) = 2”;“. (A.1.5) 
From equation (A.1.2), it can be seen that the second term is satisfied on leg 1 by 
$2(leg 1) = xvR&, 
which is zero on leg 2. Similarly, the second term is satisfied on leg 2 by 
$2(leg 2) = ydRd% = y3 (--id) , 
which is zero on leg 1. Therefore, the second term of the boundary condition is satisfied by a 
function 
w.1 = x,4 - iy,& 
= 2°C. 
(A.1.6) 
Again from equation (A.l.2), it can be seen that the third term is satisfied on the boundary 
1 = -- 
2t7 
for t, < 0. 
(A.1.7) 
To effect the jump from -1 to +l, we use a Signum function on the t-axis 
St = 1, for t, > 0, 
= -1, for t, < 0. 
The well-known method to construct an analytic continuation of the real step function in the 
upper half plane is to consider it as an imaginary part of the log-function; see [16,38]. From there 
we construct the analytic Signum function 
,. 
st=;(logt-i;), (A.1.8) 
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so that the third term of the boundary value is satisfied by the function 
W.2+W.9=h lo@-i; 
lr ( > 
= ;p + ;c21og<. 
(A.1.9) 
The complex shear function that satisfies the total boundary coordinates becomes 
A 
w. = w.0 + w.1+ w.2 + w.3 = ;i,:, + i”C + $2 + ;<210gc. (A.l.lO) 
A.1.2. Concave right angle corner 
The concave right angle corner is shown in Figure 23b. The mapping from the t-plane is given 
by 
< = p/2, t = p. (A.l.ll) 
The constant function w.0 obviously remains the same as equation (A.1.5). The second term 
is satisfied by 
$2&g 1) = z,Rt 
312 
, 
$a(leg 2) = -33 (-t) 312 = yv% (&P) 
Therefore, the second term of the boundary condition is satisfied by a function 
W.1 = Z”C2 - iy,w 
= ;,c, 
(A.1.12) 
which is the same function in terms of C as in equation (A.1.6). 
The third term is satisfied on the boundary by 
$3 = f (g rt c;> = f It31 = $3, for t, > 0, 
13 
(A.1.13) 
= --t 
2 ’ 
for t, < 0. 
Using the Signum function of equation (A.1.8), we find the third part of the boundary value is 
satisfied by the function 
i 3 w.:! + w.3 = ;t 
( 
log t - i;) 
= $2 + #og c. 
(A.1.14) 
A.1.3. Generally orientated right angle corner: Singular corner 
The general orientation of the corner may be described by the angle /?” that leg 1 makes with 
the real C-axis, and the mapping from the t-plane becomes instead of equation (A.1.2), 
5 = ,v”p’ f t = (e-“PYp~‘, (A.1.15) 
where the exponent aV = l/2 for the convex corner and a,’ = 312 for the concave corner. Let the 
included angle of the corner be 
cc” = 7ra,, 
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where c+ = 1r/2 for the convex corner and ocV = 3~12 for the concave corner. Then the complex 
shear function that satisfies the rotated boundary coordinates becomes generally for both right 
angle corners5 
w. = f2”“” + ;,c + $e-2@, c2 (log< - 2^ (p” + T)) 
f ^yov -t %“Z + A?2vC2 + ?3”C2 1% c, 
(A.1.16) 
‘ 
1 . x 
You = -zvzv, 2 
X 
Ylv = zv, 
2 ?2v = -,4P” p” 
aI, ( 
+” = -pv3”. 
The part that is proportional to the shear stress is 
dw. 22^ - = 2, + ---@ifl,[ 
dC mu 
1ogc 
+F), 
t;-+“+y) 
= ?IU + ?2vc + ~~v(26lOg~ + c) (A.1.17) 
dw. W i a$ 
c-z-- - .  
dz dx dy 
(A.1.18) 
The second derivative is a function which is called w after von Koppenfels and Stallmann [30), 
d2w. 2i -2ip, 
w.=F=ze 1og5+;-i(P,+~)) 
=~2’zy++y(210g<+3) ” 
= ?4v + ?5v log< 
d2w. a2$ _ 2^ a21C1 
=p== 
a2ti _ 2^ a21CI -=-- - 
dxdy dy2 dydx’ 
(A.1.19) 
(A.1.20) 
?4” = 92” + 3, 
‘75” = 2% 
which is required in the theory. It is also a useful function in a Newton-Raphson iteration to 
find the saddles and crests of the shear bubble. The real parts of the derivatives are all finite, 
although the imaginary part of the second derivative in equation (A.1.19) does have an infinite 
imaginary part at 0. 
The additional homogeneous functions that do not contribute to the boundary values along 
the two legs are imaginary on the t-axis, i.e., of the form 
w+ = 2Qt + %2t2 + %3t3 + . . . , (A.1.21) 
which we will call null-fin&ions in this context, consisting of the elementary null-functions 
Ok(t) = stk. (A.1.22) 
But they do contribute to the shear in the region, especially at the boundary. They also provide 
the means of blending the corner functions at one corner of a polygon into another. 
5Equation (13.4.6) in [30]. 
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(a) Convex right angle corner, b2 = 0.1. (b) Concave right angle corner, bl = -0.2, b2 = -0.05. 
Figure 24. Torsion function q in right angle corner. 
In the C-variable, the null-functions are of the form 2*bkC 2k for the convex right angle corner 
and z”b& 2k/3 for the concave right angle corner. 
An example of a convex corner is shown in Figure 24a. The points marked czz,,. and &,. 
are saddle points of !P on the edges, so that the closed line O-<ic,.-~~2cr-0 forms a possible 
cross-section of a rod. One null-function is added. 
An example of a concave corner is shown in Figure 24b, with two null-functions added. Contrary 
to the convex corner, it is not possible to get a closed bubble without some null-functions. The 
infinite gradient of Q at 0 is entirely due to the null-function 01. 
A.2. Not-Right Angle Corner: Regular Corner 
Let a corner with included angle c(” be aligned with C-axes as shown in Figure 25a. The 
constant boundary condition (l/2) 2,;” is satisfied by the same constant function wi as for the 
right angle corner. On leg 2, 
(y = I#~” = ICIcos~i~+ilClsincx,, 
and therefore, the second term of the boundary value on leg 2 is 
wb + yvCrrll = z,lCI ~0s mv + yvICI sin ~6 
= 32 ((2” - iY”) Cr) . 
(4 
Figure 25. Not-right angle corner. 
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On leg 1, & = 0, [r = &, and therefore, the boundary value is also satisfied by 
~dr, + Y&/ = !J? ((G - 2*Y”) 6-r) . 
Therefore, again the boundary value on both legs is satisfied by the real part of the same func- 
tion w.1 as for the right angles, equations (A.l.6) and (A.1.12). 
However, to construct a function that satisfies the boundary value (l/2)(& +&) on both legs, 
by the method of Section A.1.1, fails. The reason for that is that we cannot split the condition 
on both legs into real parts as for the right angles in equations (A.1.7) or (A.1.13). We must use 
an entirely different approach, for which we align the corner more conveniently symmetrically as 
in Figure 25b, with a local variable u = e-~(py+(yu12). 
We construct a function !I? that is 0 on both legs by the product of the two functions which we 
get from the equations of the two lines. Let a = sin(cx,/2), b = COS(CX,/~), and then the function 
on the boundary r is obtained from the equation of the line leg 1 as 
fl = UWrz + bVrv = 0, 
and the function from the equation of the line leg 2 is 
f2 = avr+ - bVry = 0. 
Therefore, the function 
f = Cfi f2 = C (a2v; - b2v;) 
is zero on both legs. To get the function q = -(1/2)(cz + $) = \k = -(l/2)($ + vi), we may 
add the real part of the harmonic function 
such that 
q = -; ($ + ‘$) + m (WE - vi) = c (a”$ - b2$) (A.2.1) 
from which we solve 
C=1 
cos oc” ’ (A.2.2) 
1 
m=2cos 
and find the function 
212 
w.2 = mu2 = -. 
2 cos cc” 
(A.2.3) 
We can immediately see that the function w.2 is not applicable to the right angle corner as the 
parameter m o(u 00. Apparently the function w.2 for the general corner is entirely different 
n/2,&r/2 
from the corresponding function for the right-angle cases rx, = ?r/2,31r/2. 
Turning the corner of Figure 25b back by cc”/2 + /?” into the general orientation defined by the 
angle pV of leg 1 with the C-axis, we obtain the complex shear function that satisfies the complete 
boundary conditions at a non-right-angled corner6 as the regular function in the variable C 
1 
= “you + %vC + -?2vC2, 2 
+ 2me-i(~Y+2LL) dw* - ; 
dC ”  
(‘ 
(A.2.4) 
= %v + =v2v6, (A.2.5) 
d2w. (& = - = 2me-“bY+wv) 
X2 
I 
= mu, (A.2.6) 
6Equation (13.4.5) in [30]. 
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Vonioppenfels and Stallmann [30, (13.4.15), p. 1541 define constants yi which are integration 
constants of the three integrations from & to w, which we assign separately to each regular 
corner with local coordinates by defining the constants in equations (A.2.3) to (A.2.4)? 
J dw.v w.vdC = d(' = ?I" +?2vC, (A.2.7) 
JJ w.v d< dC = w.v = ^lov + %C + 32~6~. 
We emphasize by notation that 70~ is real because its arbitrary imaginary part is set to zero. 
Again, the total complex shear function consists of the basic function w. plus any null function. 
From the mapping of the corner in the C-plane from the t-axis by 
c = P, t zz p, (A.2.8) 
it can be seen that the null functions cause singularities in the C-plane except for special cases. 
One such special case is the null function iblt for CK” = r 13, which occurs in the equilateral 
triangle, and which is the only known polygon where the function Q has no singularities in the 
z-plane. 
Several examples of regular corners are shown in the following figures, from acute angles to 
concave corners. Figure 26a shows the equilateral triangle. 
To create a curved boundary tangent to a corner, other than null functions must be part of the 
complex shear function, which are the functions okt k. Such an example is shown in Figure 26b, 
which is not a true polygon corner any more. 
A corner with obtuse included angle is shown in Figure 26~. In Figure 26d, it is shown how 
a null-function can create a shear boundary with a straight line, equivalent to a “corner” with 
included angle IX, = 7~. Concave corners are shown in Figures 26e and 26f. 
The ultimate concave corner that is possible in three-dimensional space has an included angle 
of 360°, as shown in Figure 26g. Even more concave corners are mathematically possible, also 
called winding points, where the internal constant-9 > 0 lines are possible physical boundaries, 
shown in thicker lines in Figure 26h. Of course, if we continue this, we meet the next right angle 
corner at CQ, = (5/2)7r! 
We also note that the gradient of 9 in the corner becomes infinite for X, > r, and that the 
infinity is contributed by the null function. 
A.3. Near-Right Angle Corner: Near-Singular Corner 
For the following discussion, we turn the v-axes symmetrically to a corner as in Figure 25b, 
such that leg 1 has the orientation e-sau/2 and leg 2 has the orientation eio(,12, as shown by the 
dotted outline in Figure 27a. To distinguish this particular orientation from the general, we call 
these local axes v, 
2, = 21, + iv, = e-wY+42) c E 6, (-, (A.3.1) 
with a complex rotation number 
& = ,-i(P,+a,P) (A.3.2) 
‘Our subscripts are not the same as in [30]. 
0 ccr 
(a) au = l/3 : bl = 0.75. 
0 ccr 
(C) a, = 0.7 : bl = -1.1, b8 = 0.1 
t 
(e) au = 1.4 : bl = -0.27, bB = 1.65. 
A 
k) ‘-b = 2 : bl = -0.32, bB = -0.28, bs = 0.36. 
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t 
A* 0 
0 
(b) au = 0.25 : bl = 0.5, a2 = -0.3, a4 = -0.5 
(4 a, = 1 : bl = -0.5, bS = 0.28. 
(f) au = 1.6 : bl = -0.2, bB = -1.5. 
04 av = 2.2 : bl = -0.32, bl = -0.28, bs = 0.41, 
Figure 26. Not-right angle corners. 
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(a) Function m x G. (b) Function m x v~/~u. (c) Function m x (7~’ - vllau). 
Figure 27. Blending of function 14.3. 
The w.2 functions then assume the simple forms 
w.~(cx~ # 90’) = mv2, (A.3.3) 
W.2(& = 90”) = -;v2 logv. (A.3.4) 
At angles my w 90” but K” # 90”, the corner function part w.2 of equation (A.2.3) becomes 
excessively large as the factor m = l/ cos o(,, + 00 with values 
m(89’) = 28.65, 
m(89.9’) = 286.5, 
m(89.99”) = 2864, 
m(89.999’)= 28800. 
At K, = 90”, the logarithmic function w.3 of equation (A.I.9) jumps into its place, which is 
a well-limited function. We could’argue that the factors at 89.9” are still values that we can 
computationally handle, and any angles between 89.9’ and 90” can be approximated by 90’. But 
first, this is a waste of computer power by losing about three digits in accuracy. Sooner or later 
there are other limitations as well when we will need all available digits. Second, it is the purpose 
of computational mathematical analysis to find a function that can produce an accurate solution 
within machine accuracy, leaving room for other approximations afterwards. 
Therefore, we want to blend the function mu2 by some continuous variation into the logarith- 
mic function -(2/7r)w2 logv, a process which is similar to “matching” in perturbation analysis. 
A similar blending was done for the near-logarithmic term in the Schwarz-Christoffel integral; 
see [32, Section 2.31. 
The real part of the function mu2 is shown in Figure 27a for cxV = 80°, with the large values 
on the axis away from the corner. The well-limited boundary values (1/2)]v12 are picked up 
along the dotted line very close to the line of zero values. It is clear that this function must be 
attenuated by a modification, for which we may use any of the available null-functions. Now 
we observe that the null-function rn~‘/~~, shown in Figure 27b, is very close to mv2 along the 
center-line. 
Therefore, we create a new function 
w.3=m v2-v 
( 
l/G 
> 
, (A.3.5) 
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of which the real part is shown in Figure 27~. This function has the same real values as mv2 
along the boundaries, as well as limited values along the center-line. But although the function 
in equation (A.3.5) is well defined, it consists of the small difference of two large quantities, which 
must be expressed in a well-determined form. To this end, let 
1 
-=2++, 
a, 
so that the small quantity is 
1 - 2a, 
E=-. 
a, 
Therefore, 
v 2 - VW = 112 - g+c = 3 (1 - v’) , 
Using the well-known expansion of vE in the variable E, we obtain 
v2 (1 - zJC) = -v2 
( 
elogv+~(elogv)~+~(elogv)~+... . 
> 
(A.3.6) 
Here we assume that the polygon coordinates are normed to reasonable magnitudes so that v 
does not become large along any one side. 
Then we expand cos K, in the small quantity 7r/2 - cxV 
(A.34 
In the following division, the small quantity c cancels, so that we obtain 
-1 v2 log 0 + (c/2!)?? log2 2) + (E2/3!)2? log3 v + . . . 
W*3(M 90”) = vf,-,u;“’ = oc, 
4, 
(A.3.9) 
” 
where the denominator is a real Taylor series of the single real variable cxVc, 
(A.3.10) 
The right-hand side in equation (A.3.9) 
(-2/a)v210gv. 
is a function that has the proper limit 5 w.s(90°) = 
All the terms of the series in the nominator of equation (A.3.9) are well determined. The series 
converges at finite E, also for v including 0, because each term of the form v2 log” v -% 0. In an 
0 
actual computer program we compute logv first, then the series, then the product with v2. This 
poses no problem because we can always compute the logarithm of the smallest number that 
the computer language allows, and we only have to switch to the sum of zero when v is exactly 
computer zero. For future use, we denote the logarithmic series by a function symbol 
21’ - 1 
E 
=logv+~log2v+ f log3 V + . . . = LG(E; v), 
and we write equation (A.3.9) in compact form 
?J2 (1 - v’) 
= -&&; v). 
2COSN” ” n 
(A.3.11) 
(A.3.12) 
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The derivatives are also simplified by taking derivatives in the variable v first: 
dw.3 -= 2w - (l/a,)vi’a~-i 
dv 2 cos cc” 
= 2 (1 + (2 + E)LG(E; ‘U)) , 
” n 
d2W,3 = 2 - (l/U”) (l/a, - 1) v(1-2a,)‘a, 
dvs 2 cos K” 
= $- 
“7l 
3 + c + (2 + 3c + E2) y 
> 
= & (3 + E + (2 + 3E + E2) LG(E; W)) . 
” n 
The expansion of the first derivative converges at v = 0, which is the important quantity 
proportional to shear stress. The logarithmic series in the second derivative may be written in a 
slightly different form which is computationally more accurate, 
21’ - 1 
LG(E;u) = - = 
2)’ (v-’ - 1) 
E -f 
= V”LG(-E;V), 
which, converges at v = 0 when E > 0, but not when E < 0, which is due to the null-function. 
The finity for E > 0 and infinity at E < 0 is consistent with the finite and infinite gradient of the 
shear stresson the boundary, which is shown in Figures 29a and 29b. Yet, the series does not 
converge numerically for large negative values of log TJ, i.e., for very small values of v. In that 
case, we compute the function directly, typically for values of 0 < Iv1 < 10m3/‘. When v = 0, the 
explicit limit becomes 
LG(E;u) = $, for c > 0, 
= 00, for c 5 0, 
(A.3.14) 
whatever we have chosen for computer infinity. All these complications are computed inside the 
corresponding subroutine, so that the user only calls the function as any other standard function. 
Transforming back to the 6 variable, we get with the complex rotation number of equa- 
tion (A.3.2) 
dW.3 ,. dw.3 
- = e,x, 
dC 
d2w A2 d2w.3 w.s=F=e-. 
’ dvs 
A similar analysis is made for the concave corner at o(, x 270”, a, c 312, where the corner 
function for the symmetric orientation is 
w.~(oc~ = 270”) = $J’ logv. (A.3.15) 
While it is still the same function v2 that has to be attenuated, which is the function in Fig- 
ure 27a continued to three quadrants, consisting of three such lobes as shown in Figure 28a, the 
third null-function, mv3/au as shown in Figure 28b, is the nearest approximation, which changes 
equation (A.3.5) to 
w.3 = m v2 - v31au , 
> 
(A.3.16) 
of which the real part is shown in Figure 28~. 
Accordingly, we set 
3 
-=2++, 
3 - 2a, 
E=-, 
a, a, 
(A.3.17) 
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(a) Function m x 79. (b) Function m x v3jay. (c) Function m x (v’ - v3/au). 
Figure 28. Blending of function w.3 at = 270’ 
which leads to the same expansion as equation (A.3.7). The function cos c(, is expanded around 
(312)~ 
cos,,=(,,-;)-;(,,-~)3+;(,,-~)5-... 
(A.3.18) 
so that only the sign of equation (A.3.9) has changed. As a result, the division of equation (A.3.7) 
by (A.3.18) gives equation (A.3.12) with no other change than opposite sign 
‘w.~(x 270“) = “; ,;z”” 
w2(-WC) w2 
s - = -LG(E;V), 
” 2 cos K, o&d, 
(A.3.19) 
which blends properly into 2 ~.~(270”) = (2/37r)w2 logv. Similarly, the derivatives for oc, G 
270’ are 3?r/2 
dw.3 ^ ‘2V - (3/a,)w3/a~-r 
-a- =er 2 cos (xv 
= s (1 + (2 + E)LG(E; W)) , 
“71 
d2w ~ w 
F l 
= 22 2 - (3/c&/) (3/U” - 1) w@-2a~)~a* 
T 2 cos (xv 
= -& (3 + E + (2 + 36 + 6”) LG(f; w)) , 
” n 
where er is the rotation number of equation (A.3.2). 
The complete near-singular corner functions are 
(A.3.20) 
(A.3.21) 
(A.3.22) 
(A.3.23) 
(A.3.24) 
where the constants are 
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(A.3.25) 
with the - sign for 90’ and the + sign for 270”. 
For practical application, we have chosen the limits 87.5’ < cc” < 92.5’ and 267.5’ < cc, < 
272.5’ to switch from the corner function of equation (A.2.3) to the blended functions of equa- 
tion (A.3.9) and (A.3.19), respectively. Two examples of near-right angle corners are shown in 
Figures 29a and 29b, where the series of equations (A.3.12) and (A.3.19) were implemented. The 
small parameter is c(269’) = 0.02247197 and c(89”) = 0.07434884, respectively. 
(a) cxy = 89' : bl = 0, b3 = -0.03. (b) o(v = 269’ : bl = -0.15, b3 = 0.18. 
Figure 29. Near-right angle corners. 
A.3.1. Modification 
The corner function of equation (A.3.24) is still too special to match the corresponding part 
of w from the integral in equation (4.18). A more general function is obtained by adding a 
different fraction of the null function vl/a~ as in equation (A.3.5) for k: 90” and v3iau as in 
equation (A.3.16) for M 270’. We may not change the contribution v2 any mdre, and we would 
like to adhere to the same form of the function LG(E;v). Such a modification can be obtained 
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with a constant e,, 
w2(1 - 7~‘) + (1 - e,)G 
we3 = eE 2 cos o(y 2 cos CKy 
= e, ZLo(c; w) + ; 2 lg<” 
v n ” 
= e,=yZyC2LG(e; v) + 32” C2, 
where 
and accordingly, 
1 - e, -2 92~ = -e 
coscc, ?-’ 
e, = 1 - SF2 cos cx” q2v. 
(A.3.26) 
(A.3.27) 
(A.3.28) 
(A.3.29) 
(A.3.30) 
The factor e, is a complex number close to 1, such that e, a 1, so that the logarithmic term 
x/2 
of the exact singular corner in equation (A.l.16) is satisfied. 
The complete modified corner function at the corner v is now, with the constants as in equa- 
tion (A.3.25), 
(A.3.31) 
(A.3.32) 
f.4 = es%3 + ‘%?77yLG(e; v) + ?‘2V. (A.3.33) 
In the development above, we have started with the implied point of view that e6 may be de- 
termined from matching with other corners of the polygon, and therefore, satisfies boundary 
conditions. Then Tzv may be determined from equation (A.3.29). This must also be true for the 
right angle corner, when e, = 0. But we find that in that case, equation (A.3.29) is indetermi- 
nate, so that =y2v cannot be computed from equation (A.3.29). This leads us to a different point 
of view. We disregard equation (A.3.29) and assume that the quantity +v may be determined 
from matching with other corners of the polygon, and then eE may be determined from equa- 
tion (A.3.30). The original implied meaning of $v is then embedded in this new interpretation 
of +~v. Particularly for the right angle, we may obtain hv # 0, but the right angle corner func- 
tion is still correct because from equation (A.3.30) e, =.O. In this sequence of computation, no 
ill-conditioned, or even indeterminate, equations appear. 
A.3.2. Transformation to the local variable u 
The variable C is available from the SCT by equation (4.3), so that 
‘v = ua’ x~.&.~‘F =Uau xU’iS,T. 
Therefore, we transform the function LG from the variable v to the variable u 
(A.3.34) 
21’ - 1 
1, = LG(f;?,) = - = 
If”- x u . i77 - 1 
E E 
(A.3.35) 
Taking the derivative of each term in the product cancels the E in the denominator, and using 
the relation cav = 1 - 2av, we get the total derivative 
4, 
d21=aVu 
-2a, x g. a? + u1--2a, x c. us-1 *o; 
=U -2% xg.cp * {a,-&o + $1 * Eb/BF} (A.3.36) 
-U--‘a, x &&, = 
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where the convolution number 6~ is computed by standard convolution algebra from the known 
convolution number ‘iiF. 
The program for the exponent of a convolution number, 
may be written from its program in pointer numbers [31], as explicit recursion routine 
bi = O( x ffJ jajbi-j - 2 jbjai-j Ciao), 
j=l j=l, 
ml = min(i, m,), 12 = max(l,i - m,). 
For the M 90” corner, we define a new small number for the u variable 
7 = 1 - 2a, = cay. (A.3.37) 
To integrate equation (A.3.36), we extract the leading element b~c of 6F to get a new convolution 
number bFc with leading zero, so that we obtain 
UT - 1 
1, = LG(E;v) = bF,,- 
vko - 1 
I- 
+ d-2av x u. iF,-, + 7 
(A.3.38) 
= b~cL~(r; U) + u1-2av x u. ZFO + LG(c; UFO), 
where iF0 is the Frobenius integral of i ~0. The additional integration constant is obtained from 
the consequences of setting u = 0 in equations (A.3.35) and (A.3.38). In the computations we 
must take care to take the correct sheet of the Riemann plane in evaluating log UFO to compensate 
for the sheet of logu. 
For the M 270” corner, we define the corresponding small number for the u variable 
7=3-2a,=ea,. (A.3.39) 
The integral of equation (A.3.36) becomes in this case 
UT - 1 
1, = LG(f; V) = bFO- +U3-2av X iFO + - 
vko - 1 
r E (A.3.40) 
= bFOLG(T;U)+U3-2av X u. iF0 +LG(e;VFO). 
For both cases of near-singular corners, we let the index 
m = int(2a, - 1) = 0, for = 90”, 
= 2, for x 270’. 
We transform the middle term of equation (A.3.40) 
U3-2av x u. iFO = u1-2~v+m x u. IF0 
=u l-2& X g.&,, *iFO E U1-2av X g.iFm, 
so that both equations (A.3.38) and (A.3.40) can be written as 
(A.3.41) 
(A.3.42) 
1, = LG(E; v) = bF&G(T; u) + u 1-2av X g.iFm + L&UFO). (A.3.43) 
We have now the proposed corner function in the variable u 
(A.3.44) 
=&+7vbFOLG(T;U) 
+u l-2& x u. ec?7"iFm 
+ eE (‘;lsv + +7vLG(e; VFO)) + ?2V. (A.3.45) 
This modified function suits our method of matching, but it cannot be computed before e, 
and Tzv are determined by the matching equations. 
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APPENDIX B 
COMPUTATION OF REVERSION 
B.l. Reversion of Almost-Unit Series 
An almost-unit series 
t = t1u + t2u2 + . ” + t,zP (B.l.l) 
is one that starts with coefficient tl in position 1. We have the truncated Taylor series up to 
the nth coefficient available. The reversion of this series is well known; we merely present our 
numerical implementation, which is not the customary method; see [31]. We write the matrix 
convolution number equation 
t =cJ.t1, (B.1.2) 
where the subscript 1 indicates that the series starts with tl in position 1. For a well-conditioned 
computation, we normalize 
t1 = 1. (B.1.3) 
We want to compute the reverse 
u=T.?i1 (B.1.4) 
= u1t + u2t2 + . ‘. + untn. (B.1.5) 
We write the left-hand side of equation (B.l.l) as matrix convolution number equation, and 
substitute equation (B.1.2) in equation (B.1.5) 
U.&=Q. u~2~+u21;2+...+U,~;n ) 
1 > 
(B.1.6) 
3, = [ f1 7;” . . . f;” ] ?jl 
ET.&. (B.1.7) 
Not counting the leading row of zeros, equation (B.1.7) is an n x n matrix equation. Due to 
the leading zeros in ?Ti, the matrix T is lower triangular, with diagonal elements 1 due to the 
condition in equation (B.1.3). Unnecessary overflow in the multiplications ?y is not computed 
due to the finite series length n. From equation (B.1.7), the unknown ii1 is computed directly 
by backsubstitution starting at the upper right corner with the first element ur = 1. Therefore, 
all elements are determined recursively and are exact except for digital rounding errors. Even 
though the original ?r is only the truncation of a Taylor series, a reversion of the reversion ?ir 
will restore the original 31 exactly except for rounding errors. 
B.2. Substitution of an Almost-Unit Series in a Series 
We present the computation of the substitution of the almost-unit series in equation (B.1.7) 
into a truncated Taylor series in the variable u, 
w=u .‘iii” -u (B.2.1) 
E wo + W,l u + w,2 u2 + . . . + wun un. (B.2.2) 
This process is also called composition [36]. This series does not need to be an almost-unit, but 
it can always be made such by considering the variable w - wa. Substituting equation (B.1.7) 
into (B.2.2), 
w=~~{Wo+w,~;li~+w,:!Zi~2+~~~+w,,~;n} (B.2.3) 
=r.g;.p ET.& (B.2.4) 
Es wo + wt1t + w&!t2 + . . . + wtntn. (B.2.5) 
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Again the matrix zz is lower triangular, and the computation in equation (B.2.4) consists of a 
finite number of operations for each element in the result, which is, therefore, again an exact 
truncated Taylor series in the variable t. It is preferable to compute the matrix explicitly in 
increasing orders of n;i, instead of applying the Horner algorithm to the series in equation (B.2.3), 
to prevent computation of unnecessary overflow. The row. column operations in equation (B.2.4) 
are preferably started from the last row, so that the original column i& may be overwritten. 
Equation (B.2.4) is a transformation of the same function w from function base u to function 
base t, and hence, the double subscripts in equations (B.2.2) and (B.2.5) are necessary for a clear 
distinction. The wo remains invariant. 
B.3. Results of Section 10.3 
- 
i 
- 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
- 
r 
Table Bl. Polygon of Section 10.3. 
Coordinates, measured from center of area. 
1 T w l- 
-.49218213 0 .1801974E 0 .OOOOOOOE 0 - .23563793 0 .OOOOOOOE 0 -.23563793 0 
.101993OE 0 .27937423- 1 - .10379233 1 - .10605863-5 -.10379233 1 -.10605863-5 
-.93014783-2 -.23780773-l .26161383 0 .17126973 0 -.29802323-7 -.14836303-l 
-.63928663-2 .4713115E-2 -.15803893-l -.86338673-l -.31244623-2 .14901163-7 
.27364863-2 .239097OE-2 -.21291213-l .14545823- 1 -.22351743-7 .39853063-3 
.71513233-3 -.17387893-2 .73411783-2 .72755923-2 .80025753-4 -.13969843-8 
-.10036913-2 -.38847363-4 .258174OE-2 -.45592923-2 -.39581213-8 -.14754483-4 
.17216733-3 .53013793-3 -.27539033-2 -.51505643-3 -.3398862E-5 -.24447223-8 
.24969963-3 -.19882673-3 .24288453-3 .15275703-2 -.29103833-g .80093743-6 
-.16059073-3 -.95286213-4 .77004933-3 -.42844933-3 .1937151E-6 .21536833-8 
- .18924523-4 .10946363-3 -.39074863-3 -.33311093-3 -.76834113-8 -.54336853-7 
.65791513-4 - .12906883-4 -.10297373-3 .28623263-3 -.18611903-7 -.5326001E-8 
-.21730113-4 -.34727513-4 .18276243-3 - .30400423-5 -.10477383-8 -.18931133-8 
-.15223793-4 .20199863-4 -.41194213-4 - .10330373-3 .24629123-8 -.25174813-8 
.15146833-4 .43498923-5 -.50374513-4 .46271373-4 .14551923-8 -.1014996E-8 
-.85806083-6 -.98580553-5 .3797887E-4 .18991373-4 -.17753343-8 -.16007113-9 
-.56234623-5 .27411083-5 .26271233-5 -.26444603-4 -.26518593-8 -.11223163-8 
.29105073-5 .27131263-5 -.16160243-4 44047003-5 -.11023083-8 -.28567233-8 
.95131613-6 -.23597403-5 .62723283-5 .8573872E-5 .9981704E-9 -.30722733-8 
-.16344863-5 -.26112903-7 .36753513-5 1.56914903-5 .26714133-8 -.19203983-8 
.36306213-6 .990362OE-6 -.42493043-5 -.89380253-6 .27494023-8 -.47134563-g 
0.953228 -1.037673 
1.513229 L 0.042328 0.313227 L 1.442330 -1.526774 0.322329 -1.046772 - 1.037673 
Maximum shear stress B /a. 
Convolution numbers in disk Fr, p = 0.5041104. 
1 
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APPENDIX C 
RESULTS OF FOURIER APPROXIMATIONS 
Cl. Polygon with a Hole 
The reference area, A = 4, is taken the same for the full and the hollow polygons. The 
maximum and minimum stress on the circle in the full polygon is also given a~ reference. The 
area ratio is 
u( hole) 
A (full polygon) 
= 0.19635. (C.1.1) 
Table Cl. Polygon of Section 11.1. 
Coordh zasured from cent’ 
1.5 0 
0.5 1.0 
-1.5 1.0 
-0.5 0 
-1.5 -1.0 
0.5 -1.0 
0.25 0 
0.5 
0.52222 
c of area. 
Maximum/minimum shear stress 3 /a and torsion stiffness J/AZ. 
.a - z2 0.61538 0.627 
z2 - 23 0.59043 0.576 
23 - 24 00 03 
24 - z5 co 00 
.a - 26 0.59043 0.576 
a3 - a 0.61539 0.627 
hole maximum 0.50474 0.359 
hole minimum 0.09603 0.177 
WA variable 0.0924 
torsion stiffness 0.10896 0.1020 
I 
solid w. hole 
C.2. Rounded Corners 
‘l&ble C2. Polygon with rounded corners of Section 11.2. 
Shear stress units & /a. 
1 2 3 4 
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